PHYS 501: Mathematical Physics I
Fall 2022

Solutions to Homework #1

1. (a) Writing £ = = — ¢t and seeking solutions (), we have
Oy _ dpos _

o

== e

63

oL = v,
so the equation becomes

(69 — )" + 4" =0.
Integrating once, we have
W —cp+9¢" = 0
SO
N

(b) Multiplying by ¢’ and integrating again, we have

(w/)Q _ sz B ng
or

W= Y(e—29)2
Hence, writing u = 2¢ /¢, we obtain

_ dip
¢ = /¢(c—2w)1/2

1 du
NG / u(l —u)l/2’

Substituting y2 = 1 — u, we have

& = —2 dy
Ve 192
—2
= %tanhfly.

Inverting, we find

v = c
~ 2cosh? \/eg/2’

which represents a non-dispersive, traveling nonlinear wave.



2. For the PDE
A¢zm + Qway + C¢yy = 07

the two solutions of the characteristic equation

dy 2 dy
Al-=—=| —-2B-—=+C=0
<daz> dx +
are
&(x,y) = constant,
n(x,y) = constant.
Hence, along a characteristic,
dy _ 0¢ 08
de Oz ' Oy S
so £ satisfies
AL+ 2BE &y + CE =0, (1)

and similarly for 7.

We want to use £ and 7 as coordinates and write the PDE in terms of them. We assume that
the functions A, B, and C' can be written explicitly in terms of £ and n (which is in principle
true, but often difficult in practice!).

We start by expanding

1/}90 = 7/’5530 + wnnm
Vo = (%gfx + 1/157777:5)590 + 7/’553::1: + (wﬁnfx + wnnna:)nx + 1/]77773[::1:
= wﬁﬁfg + 21/}£n§a:77x + wnnn?c + ¢5€m + %nm-

Similarly, we find

Vyy = 1/)5555 + 2¥en&yny + 7/’7777775 + ey + Uiy,
f‘/}zy = wﬁﬁfxfy + win(fxny + gynx) + 1/}7777779&7731 + 1/’55:03/ + wnnxy

Combining terms, the coefficients of 1¢¢ and 1, are, respectively, A2 + 2BE&:Ey + C{; and
An? + 2Bnny, + 0775» which are both zero, by Equation (1), so

Aty + 2B¢ry + Cwyy = Q[Afznr + B(faﬂ?y + Eynm) + nynyhbén + D(f, n, wg, 7/}77)
= 0,

where the function D involves only first derivatives of ¢ (and in fact is linear in them).
Dividing through by the coefficient of 1)¢, brings the equation into the desired form.

3. (a) In this case, A =1, B = 0,C = —c(x)?, and the characteristic equation is

(fﬁ)z ),



the solutions to which are

For ¢(x) = co(1 + |z|/a)~!, we find

T 2
cot = j:/ ds(1+|s|/a) =+ [az + sign(a:);c] + constant.
a

In the language of the previous question, we have

2

&,n =z +sign(z)— % cot.
a

AR

Some typical characteristic curves are shown in the figure below (for ¢ = 1,a = 2).
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(b) For a — oo, we have c¢(x) = ¢g, and the characteristics are simply given by x + cot =
constant. As discussed in class, the solution is ¢(z,t) = f(£) + g(n), where £ = x + cot,n =
x — cot. Applying the initial conditions at ¢t = 0, we have

f(@)+g(x) = 0,

cof'(x) —cog'(z) = e I,
SO
—d(z) = fl(z) = (3*|9E|/2607
1 X
—g(z) = f(z) = 2%en e llds = — sign(x)e*|2|/200 + constant,
Co
and hence
1 x+cot
P(z,t) = flz+cot)— floz—cot) = s— o5l ds
2¢o x—cot



4. In terms of 7! =T — Ty,

101’
VQTI ——
Kk Ot
with 77 = —T} initially inside the cube and 7" = 0 on the surface. As usual, we separate out

—art 50 the spatial part of the solution x(z,v, 2) satisfies

the time dependence e
V2x +ax = 0.

Separating in x, y, and z, we find that, to satisfy the boundary conditions at x,y,z = 0, x
must be a sum of terms of the form

X ~ sinazx sinby sincz .

Applying the boundary conditions at x,y,z = L gives

_ km b_lj _ mr
“=T L ‘T L
and
2 2 2 w? 2 2 2
a=Qpm=a"+b +c:ﬁ(lz + 1 +m?).

Thus the general solution satisfying the differential equation and the boundary conditions is

k l
T=Ty+ Y apm sin (z‘”) sin <7£y> sin (mgz) g~ CkmAt

k,,m

We determine the coefficients ax,, by enforcing the initial condition, T'= 0, or 77 = —Tj, so

8 L L L . krx\ . Imy\ . /mmz
Ukim = T3 ; dac/o dy/o dz (—Tp) sin <L> sin <L> sm( 7 )

e[ [

64T}
_ il (k,l,m all odd)
0 (otherwise)
and hence
_ 64 L (krx\ o (lmy\ o mmzN
T(z,y,2,t) =Tp g kzl;nklm sin <L> sin (L) sin ( 7 ) e

odd



