
PHYS 501: Mathematical Physics I

Fall 2022

Solutions to Homework #1

1. (a) Writing ξ = x− ct and seeking solutions ψ(ξ), we have

∂ψ

∂t
=

dψ

dξ

∂ξ

∂t
= −cψ′(ξ)

∂ψ

∂x
= ψ′(ξ)

∂3ψ

∂x3
= ψ′′′(ξ),

so the equation becomes
(6ψ − c)ψ′ + ψ′′′ = 0.

Integrating once, we have

3ψ2 − cψ + ψ′′ = 0

so
ψ′′ = cψ − 3ψ2.

(b) Multiplying by ψ′ and integrating again, we have(
ψ′
)2

= cψ2 − 2ψ3

or
ψ′ = ψ (c− 2ψ)1/2 .

Hence, writing u = 2ψ/c, we obtain

ξ =

∫
dψ

ψ(c− 2ψ)1/2

=
1√
c

∫
du

u(1− u)1/2
.

Substituting y2 = 1− u, we have

ξ =
−2√
c

∫
dy

1− y2

=
−2√
c

tanh−1 y.

Inverting, we find

ψ =
c

2 cosh2√cξ/2
,

which represents a non-dispersive, traveling nonlinear wave.



2. For the PDE
Aψxx + 2Bψxy + Cψyy = 0,

the two solutions of the characteristic equation

A

(
dy

dx

)2

− 2B
dy

dx
+ C = 0

are

ξ(x, y) = constant,

η(x, y) = constant.

Hence, along a characteristic,

dy

dx
= −∂ξ

∂x
/
∂ξ

∂y
= −ξx/ξy,

so ξ satisfies
Aξ2x + 2Bξxξy + Cξ2y = 0, (1)

and similarly for η.

We want to use ξ and η as coordinates and write the PDE in terms of them. We assume that
the functions A,B, and C can be written explicitly in terms of ξ and η (which is in principle
true, but often difficult in practice!).

We start by expanding

ψx = ψξξx + ψηηx,

ψxx = (ψξξξx + ψξηηx)ξx + ψξξxx + (ψξηξx + ψηηηx)ηx + ψηηxx

= ψξξξ
2
x + 2ψξηξxηx + ψηηη

2
x + ψξξxx + ψηηxx.

Similarly, we find

ψyy = ψξξξ
2
y + 2ψξηξyηy + ψηηη

2
y + ψξξyy + ψηηyy,

ψxy = ψξξξxξy + ψξη(ξxηy + ξyηx) + ψηηηxηy + ψξξxy + ψηηxy.

Combining terms, the coefficients of ψξξ and ψηη are, respectively, Aξ2x + 2Bξxξy + Cξ2y and
Aη2x + 2Bηxηy + Cη2y , which are both zero, by Equation (1), so

Aψxx + 2Bψxy + Cψyy = 2[Aξxηx +B(ξxηy + ξyηx) + Cξyηy]ψξη +D(ξ, η, ψξ, ψη)

= 0,

where the function D involves only first derivatives of ψ (and in fact is linear in them).
Dividing through by the coefficient of ψξη brings the equation into the desired form.

3. (a) In this case, A = 1, B = 0, C = −c(x)2, and the characteristic equation is(
dx

dt

)2

= c(x)2,



the solutions to which are

t = ±
∫ x

x0

ds

c(s)
.

For c(x) = c0(1 + |x|/a)−1, we find

c0t = ±
∫ x

ds (1 + |s|/a) = ±
[
x+ sign(x)

x2

2a

]
+ constant.

In the language of the previous question, we have

ξ, η = x+ sign(x)
x2

2a
± c0t.

Some typical characteristic curves are shown in the figure below (for c = 1, a = 2).

(b) For a → ∞, we have c(x) = c0, and the characteristics are simply given by x ± c0t =
constant. As discussed in class, the solution is ψ(x, t) = f(ξ) + g(η), where ξ = x + c0t, η =
x− c0t. Applying the initial conditions at t = 0, we have

f(x) + g(x) = 0,

c0f
′(x)− c0g′(x) = e−|x|,

so

−g′(x) = f ′(x) = e−|x|/2c0,

−g(x) = f(x) =
1

2c0

∫ x

e−|s|ds = − sign(x)e−|x|/2c0 + constant,

and hence

ψ(x, t) = f(x+ c0t)− f(x− c0t) =
1

2c0

∫ x+c0t

x−c0t
e−|s|ds .



4. In terms of T ′ = T − T0,

∇2T ′ =
1

κ

∂T ′

∂t
,

with T ′ = −T0 initially inside the cube and T ′ = 0 on the surface. As usual, we separate out
the time dependence e−ακt, so the spatial part of the solution χ(x, y, z) satisfies

∇2χ+ αχ = 0.

Separating in x, y, and z, we find that, to satisfy the boundary conditions at x, y, z = 0, χ
must be a sum of terms of the form

χ ∼ sin ax sin by sin cz .

Applying the boundary conditions at x, y, z = L gives

a =
kπ

L
, b =

lπ

L
, c =

mπ

L
,

and

α = αklm = a2 + b2 + c2 =
π2

L2

(
k2 + l2 +m2

)
.

Thus the general solution satisfying the differential equation and the boundary conditions is

T = T0 +
∑
k,l,m

aklm sin

(
kπx

L

)
sin

(
lπy

L

)
sin
(mπz

L

)
e−αklmκt .

We determine the coefficients aklm by enforcing the initial condition, T = 0, or T ′ = −T0, so

aklm =
8

L3

∫ L

0
dx

∫ L

0
dy

∫ L

0
dz (−T0) sin

(
kπx

L

)
sin

(
lπy

L

)
sin
(mπz

L

)
= −8T0

L3

[
L

kπ

{
1− (−1)k

}][ L
lπ

{
1− (−1)l

}][ L

mπ
{1− (−1)m}

]

=

 −
64T0
klmπ3

(k, l,m all odd)

0 (otherwise)

and hence

T (x, y, z, t) = T0

1− 64

π3

∑
k,l,m
odd

1

klm
sin

(
kπx

L

)
sin

(
lπy

L

)
sin
(mπz

L

)
e−αklmκt

 .


