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Solutions to Homework #2

1. (a) Assume that the sheet lies in the x− y plane. Obviously by symmetry the acceleration is
in the z direction and is independent of x and y. Write it as a(z), where (again by symmetry)
a(−z) = −a(z). Now apply Gauss’s law (

∫
V ∇2φ =

∫
S ∇φ · dS) to a right cylinder with axis

in the z direction, of cross-sectional area δA, and extending from −z to +z. Only the ends
of the cylinder contribute to the total flux, and the mass inside is ΣδA. Thus,

−2a(z)δA = 4πGΣδA ,

so a(z) = −2πGΣ (for z > 0), independent of z.

(b) The maximum distance above the plane is zmax = v20/2|a|, where v0 is the z velocity as
the star crosses the plane. Hence

|a| = v20/2zmax = 2πGΣ ,

so
Σ = v20/4πGzmax = 0.070 kg/m2 = 33M�/pc2 .

2. (a) If the stellar density is
n(R, z) = n0 e

−R/hR e−|z|/hz ,

then the surface luminosity is

Σ(R) =

∫ ∞
−∞

L∗n(R, z) dz = 2L∗n0hze
−R/hR .

(b) Hence, integrating over R,

LG = 2L∗n0 hz

∫ ∞
0

2πRe−R/hRdR = 4πL∗ n0 hz h
2
R.

(c) Writing 2L∗n0hz = LG/2πh
2
R, we have

Σ(R) =
LG

2πh2R
e−R/hR = 27 L� pc−2 at R = R0

for R0 = 8 kpc and hR = 4 kpc.

(d) Since n0 = LG/4πh
2
R hzL∗, if L∗ = L� and hz = 250 pc, the number density at z = 0 is

n(R0, 0) = n0 e
−R0/hR = 0.054 pc−3.



3. (a) From the definitions of A and B,

A ≡ −1
2R

(
V

R

)′
= − 1

2V
′ + 1

2

V

R

B ≡ −1
2

(RV )′

R
= − 1

2V
′ − 1

2

V

R
.

Hence A+B = −V ′, A−B = V/R.

(b) If R0 = 8 kpc and A−B = 15.1− (−13.4) = 28.5 km/s/kpc, then V0 = 228 km/s.

(c) For

ρ(R) = ρ0

(
1 +

R2

a2

)−1
,

the mass inside radius R is

M(R) =

∫ R

0
4πR2ρ(R) dR = 4πρ0a

3
[
R

a
− tan−1

R

a

]
.

The squared circular orbital speed then is

V 2(R) =
GM(R)

R
= 4πGρ0a

2
[
1− a

R
tan−1

R

a

]
,

from which it follows that

V V ′ =
2πGρ0a

3

R2

[
tan−1

R

a
− R/a

1 +R2/a2

]
.

The expressions for A and B follow, but are messy and not particularly illuminating. Looking
at the limit R � a, using the fact that tan−1 x ≈ 1

2π − 1/x for large x, and retaining only
leading terms, we have

V ≈
√

4πGρ0a2
[
1− πa

4R

]
, V V ′ ≈ π2Gρ0a

3

R2

[
1− 4a

πR

]
,

so

A ≈ −B ≈ V

2R
≈
√
πGρ0

a

R
, V ′ ≈ π

2

√
πGρ0

a2

R2
� V

R
.

4. If V0 = 220 km/s, then the mass inside radius R is

M(R) =
V 2
0 R

G
= 1.13× 1010R(kpc)M�.

From Problem 1, the light inside radius R is

L(R) = 2L∗n0 hz

∫ R

0
2πRe−R/hRdR = 4πL∗ n0 hz h

2
R

[
1−

(
1 +

R

hR

)
e−R/hR

]
= LG

[
1−

(
1 +

R

hR

)
e−R/hR

]
.

(a) For R = R0 = 8 kpc, M = 9.0 × 1010M� and L = 0.59LG = 1.2 × 1010 L�, so M/L =
7.5M�/L�.



(b) For R = 10R0 = 80 kpc, M = 9.0 × 1011M� and L = LG = 2 × 1010 L�, so M/L =
45M�/L�.

From Homework 1, Problem 5, with dN/dM = AM−2.35 L = (M/M�)4 L�, Ml = 0.2M�,
and Mu = 100M�, we find Mtot = 4.48A(0.2M�)−0.35, Ltot = 0.378AL�M

−4
� (100M�)2.65.

Thus Mtot/Ltot = 5.9× 10−5M�/L�, much less than the observed value.

5. If the semimajor axis is a and the eccentricity is e, then the periastron distance is rp = a(1−e)
and the apastron distance is ra = a(1 + e). The orbital speeds at those points are vp = 4390
km/s and va = 920 km/s, and the motion is transverse to the line from the star to the black
hole. Thus, conservation of angular momentum implies a(1− e)vp = a(1 + e)va, so

1− e
1 + e

=
va
vp
,

so e = 0.68. Conservation of energy implies

1
2v

2
p −

GM

a(1− e)
= 1

2v
2
a −

GM

a(1 + e)
,

so
GM

a
=

1− e2

4e

(
v2p − v2a

)
.

Thus, in convenient units, M(M�)/a(AU) = 5020. Finally, Kepler’s third law implies that
P (yr)2 = a(AU)3/M(M�) so we find a = 815 AU and M = 4.1× 106M�.


