PHYS 189 Lecture problems outline Feb 3, 2014

RC circuits (DC)

Nature is a curious force. We have already seen (in our homework) the most
simplest case of combining resistors and capacitors. Now we are going to
fully explore adding these together.

Lecture outline:

e Power in a circuit

e RC circuits

1 Guiding Question

How do we determine the power in a circuit? What happens when we combine a resistor
and a capacitor in a circuit? What happens in various different configurations?

2 Review

Recall that the voltage drop across a capacitor is given by Q/C = V', and that in a circuit
such as this:

14.0V

The loop rule gives us,

Q Q Q 1 1 1
=140V — = — - = 14.0V —
0 OV = 59F ~ 10.0F ~ 26.0F V=@ %F " 100F " 26,0

which tells us that for capacitors in series,

On the other hand, in parallel:
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15.0V

170.0F

The voltage drop across each capacitor is the same, and so the total charge on both capacitors
is

Qiot = VO, +VCy =V (Cy + Cy)

and so we see that in parallel, we simply add up the capacitors.
Resistors have the same pattern—though flipped. Consider the following circuit:

9.0V
It

50.0 Q2 350

NW——VWW—

We learned that V' = IR, and so the loop rule gives,

0=9.0V — 350 — 50.0Q2 = 9.0V — I (3582 + 50.02)
and so we found that for series,
Ryy=Ri+Ry+---

Considering a circuit such as:
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170.0€2

e

We know that the current passing through the separate branches will not be the same unless
the resistor is the same, so that we need to apply the junction rule:

Vv oV 1 1 Vv
Itot:_+_zv<_+_):

Ry Ry Ri Ry Req
and so we see that for resistors in parallel,
1 1 1
Ry R R

3 Energy and Power in a circuit

3.1 DBattery

The power supplied by a batter can be found by the following equation. Since the potential
energy of a charge q across a voltage V is U = ¢V, then

dU  dq ‘

For a battery, this is power pumped into the circuit.

3.2 Capacitors

For a capacitor, we can find the equation for stored (potential) energy from

1Q?

2C

Power is defined as the rate at which energy is consumed /transferred, has units J/s = W
Watts. For a normal capacitor, C' doesn’t change, and so,

d q dq
P=—AU=-—
dt cdt

Since g isn’t constant, we need to learn more about how the capacitor behaves in the circuit
before getting more useful information out of this expression.

dU:qu:%dq S AU =
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3.3 Resistors

For resistors, V = iR, so the power dissipated by a resistor is:
P, =iVg =i’R

This energy is released to the universe as thermal energy (thus resistors feel warm to the
touch and can burn or be burned).

4 The RC circuit

Consider the following circuit:

to

25€2

The switch is shown to be open, and this means the circuit is not activated—no current flows.
Now the switch is activated:

120V

25(2

What happens? Well, at first that question might be perplexing, but then we remember our
physics training: let the concepts and laws of physics guide your solution. So let’s apply the

loop rule:
q q dq
0=€(—-—=—1R=€— = ——
c ' c dt
where we have used the symbol £ to represent the battery’s voltage contribution, per con-

vention. This equation is a differential equation, we simplify to:

dg q _ &

dt  RC R
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The RC denominator on the ¢ suggest that the solution to ¢ should take the form of an
exponential such as +e~*/5¢ since,
o—t/RC

d
& ~t/RC _

dt RC

however, the fact that this must add up to a constant value, and the fact at time ¢t = 0,
g = 0 and at time ¢ — oo the capacitor should be 100% = 1.0 charged suggest instead a

solution of the form 1 — e™*#¢ such that we still have,
—t/RC
i(l — e_t/RC) __° /
dt RC

but the extra term will make our differential equation true. More generically, we choose the
function:

qt) = ¢(1 — e 1)

where ( is some unknown constant. Plug this into the differential equation yields:

C —yrc | S 4 _ -t/RC 2
rct " et = g
< _ ¢
RC R

(= E0=Q,

and thus we have the charge on a charging capacitor:

q(t) = EC(1 — e R%) = Qy (1 — e/RY)

q(t) = Qo (1 — e7"/RY)

and the current in an RC circuit with a charging capacitor is:

. dq(t) e —t/RC g t/RC —t
)= "L ="~ = = [, !/HC
== =~ re® R 0

Z(t) = I()G_t/RC

Now suppose that a long, long time has passed (means the capacitor can be considered fully
charged) and we open the switch again:

120V

to
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Now the differential equation takes the form:

dg | ¢
—+—=—==0
it " RC
This suggest that our solution might take the form:
g(t) = e /RC
where 7 is a constant we are to solve. We can confirm that this fits by taking the differential:
dqt) _ v yro_ _41)
dt RC RC

and knowing that at ¢ = 0, the charge ¢(t) is at its maximum and is the maximum charge
the capacitor could hold at the voltage, i.e. Qg = £C, the charge on a discharging
capacitor is:

q(t) = Qoe"¢

and the current on a discharging RC circuit is:

- - Ve _ Vo ~
i(t) = _%6 t/RC _ _me t/RC _ _ﬁe t/RC _ _ [ o~t/RC

Z(t) = —Ioe_t/RC

which is the same as for the case of charging, except in the opposite direction.

4.1 Energy conservation

To charge the capacitor to a charge of )y, @)y charges must be pumped out of the batter.
The battery does total work of W = Qo€ = C'E%. But we know that a fully charged capacitor
stores %QQ JC = %08 2. What happened to the other half of the batteries work? The power
dissipated by the resistor is,

P, =#(t)R

so the total energy “donated” to the universe by the resistor is,

Eth - /Prdt
_ / (t) Rt

2
= ( —t/RC> Rdt
t=0

— /OO g —Qt/RCRdt

R
— %ﬁ e*Qt/RCdt
_ 82 RC —2t/RC ‘oo
- R 2 0

I
—250
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Half of the energy output produced by the battery is consumed by the resistor
and converted into thermal energy, the other half is stored in the capacitor.

240V

200.0€2

A i

1. Find the charge, as a function of time, on the capacitor for the above circuit when the
switch is closed. What is the value for each at 3 seconds in?

2. In the circuit below, find the current passing through each branch and the charge on the
capacitor at the following times: once the switch is closed, and a long, long time later.

9.0V o

{1
3.0Q§ 16.0uF ——

14.0€2
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