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Abstract

This paper, submitted to ful�ll the �nal requirement for Ph. D. candidacy, outlines
both the current and prospective research done under the direction of Dr. Avijit
Ghosh. In it, I seek to understand a subset of the MAPK signal transduction pathway
involving signaling from EGF. While the normal channels of endocytosis are generally
understood via clathrin-coated pits, under oxidative stress the role of caveolae play
an increasingly important role. In this paper, a model is developed to simulate active
transport of these caveolae along microtubulin from the plasma membrane into the
cytosol. A background in the numerical methods is developedto give the reader a �rm
understanding of the processes involved. While the problemcan be considered in an
isolated environment I will describe merging active transport into a much larger model
of the complete MAPK pathway.

Introduction
The physical biology of a cell is extremely complex. For thisreason, any biochemical simula-
tion must apply some degree of simpli�cation by restrictingthe domain of interest. The focus
of my research is to develop a quantitative understanding ofactive transport on microtubulin
in a manner that is both computationally tractable as well asphysically realistic. While the
architecture developed in this paper is a general frameworkfor modeling active transport
on microtubulin, the speci�c application will be to understand and develop a quantitative
model of active transport of endosomes within the MAPK signal transduction pathway.

The mitogen-activated protein kinase (MAPK) pathway actually comprise a family of
protein-serine and threonine kinases involved in major developmental intracellular events.
For example, the MAPK pathway plays an integral role in cell di�erentiation, proliferation
and death (apoptosis) [1]. These pathways are comprised of interacting proteins whose signal
is propagated by a cascade of protein activations/phosphorylation. With the addition of
spatial heterogeneity, transport mechanisms conveying species from one location to another
must be considered. Passive transport, such as di�usion andosmosis require no external
energy source and are e�ectively equilibrating to a free energy minimum. Active transport
on the other hand, can move species along concentration gradients by the consumption of
chemical energy (usually ATP). Endocytosis, the process ofinternalization of extra-cellular
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matter within the cytosol, is normally done via clathrin-coated pits. In our case however,
we are considering caveolin as the primary method of endosome creation.

The MAPK signal transduction pathway contains hundreds of interacting species. The
simplest non-trivial model starts with the `well-stirred' cell approximation and is currently
used in virtually all laboratories studying signaling. In this view, essentially all biochemical
kinetic reactions and species are considered to be local, i.e. the cell is assumed to be spatially
homogenous in concentration. Spatial heterogeneity is ignored or induced arti�cially by
transient species. The model then reduces to a set of non-linear coupled Ordinary Di�erential
Equations (ODE's). The use of ODE's to study signal transduction is found in industry as
well as academia. Pharmaceutical companies such as Merrimack are currently using such
models with moderate success [2].

Groups using ODE's to study pathways such as MAPK have been unable to fully repro-
duce experimental results. One reason such models fall short stems from their inability to
account for spatial heterogeneity within the cellular environment. Clearly if two species are
to interact biochemically they need to be localized; a fact that is taken for granted in the
`well-stirred' approximation. When these proteins act as signaling molecules within the cy-
tosol, their spatial gradients can have signi�cant e�ects on cellular signaling [3]. The ability
of cells to respond to both external and internal stimuli directly depends on the proper func-
tioning1 of these pathways. When errors in signaling do arise, the e�ects can be disastrous
on the host macroorganism and can lead to cancers and autoimmunities, amongst other
problems. Our lab is in the process of creating a more realistic spatio-temporal model that
can account for transport processes such as active transport along microtubulin, di�usion
and spatial heterogeneity during the signal transduction process.

For notational convenience, unless otherwise noted, we will adopt the following conven-
tions. Species concentrations will be denoted by� i (~x; t) where ~x is a coordinate vector,t
represents the absolute simulation time and the subscript denotes thei th species. In cases
where the explicit mention of spatial, time or species number is unnecessary, they will be
dropped to prevent cumbersome notation.

Numerical Modeling
Numerical simulations are indispensable in modern sciencetoday, their use is often cited as a
`third way to do science' (apart from analytic analysis and experimental approaches). When
modeling partial di�erential equations (PDE's), especially those with conserved quantities,
there are several important properties of any numerical scheme. For biochemical reactions,
we �rst require positivity, i.e. the concentration of any species is positive at all times. We
also require conservation of mass, that in the absence of external sources or sinks, the total
concentration remains unchanged. The other requirements concern the nature of PDE's
themselves. To tie the simulation to reality, the numericalsolution borne from the original
equations must have a logical and straight-forward derivation. We would also like the solution

1The `proper functioning' of a signal pathway is highly dependent on the process involved. In the case of
tumors, it is usually due to the inability to dampen a persistent signal. To enumerate all symptoms resulting
from an improperly functioning pathway would be illuminati ng only as a survey. It is the dynamics of these
systems that are of interest if one is to understandhow signaling occurs and moreover malfunctions.
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to be accurate. If, as in our case, the scheme is simply a Taylor expansion truncated to some
�nite term, we can classify it by its order of accuracy.

There exists numerous methods to numerically compute derivatives. Integration methods
for modeling transport generally require us to know concentration gradients within the cell
and across compartment boundaries, and so we adopt a number of simple �nite-di�erencing
methods for determining these gradients. One should note that �nite di�erencing is only
a small subset of all available methods such as Monte Carlo, spectral and variational ap-
proaches [4]. Finite di�erencing itself can be broken down into two general forms. The
explicit methods like Euler, FTCS (forward time centered space), Runge-Kutta and Lax-
Wendor� will be the ones considered here. Implicit methods like Crank-Nicolson require the
solution of a linear matrix at each step. As a reward for the longer computational times,
these implicit methods generally tend to be more accurate and stable for larger timesteps and
are typically free of the stability conditions placed on their counterparts. Semi-lagrangian
schemes also show promise for the advection equation, but there is the thorny issue of its
combination with the reaction operator. Ultimately, explicit �nite di�erencing was chosen
due to its ease of implementation and initial modeling success. As shown in a later sec-
tion, the explicit methods work remarkably well for the concentration pro�les considered.
If greater accuracy and stability are required (such as nearsharp concentration gradients),
there are non-linear generalizations of these schemes thathave these attributes.

The idea of �nite di�erencing involves the approximation of derivatives by using some
stencil around the points in question2. An example will make the issue more clear:

Consider several approximations of a �rst derivative resulting from a Taylor expansion
around the point in question (subscripts represent space location, superscripts represent time
location):

@�nj
@t

�
� n+1

j � � n
j

� t
+ O(� t) (1)
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The physical interpretations of these formulas are relevant to our discussions. The �rst
formula represents an approximation to a �rst derivative with respect to time using only
information that is known locally in space. One can see that the quantity � n+1

j can be solved
for in terms of quantities known only at the current timestep. This is the de�nition of an
explicit method. An implicit method would require knowledge of points at future time steps,
resulting in a linear matrix that must be solved.

Since the focus of my work is the development of an active transport model, it is natural
to consider the transport properties of advection. For now,let us can consider the stability
and accuracy of several numerical integration schemes. Using the two approximations above
to solve the one-dimensional constant advection equation@�
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@x = 0, results in the FTCS
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2The term stencil refers to the weighting of the coe�cients of the surrounding points.
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The FTCS scheme, while easy to derive, is inherently unstable for all choices of timestep.
To see this, consider the form of independent solutions thatare approximately constant
locally in space and time. This so-called von Neumann stability analysis lends itself to an
eigenmode solution:

� n
j = � (k)neikj � x (4)

Where k is a real spatial wave number. The time-dependence of a single eigenmode, when
written as above, is nothing more than an integer power of� . Thus the von Neumann
analysis predicts instability for j� (k)j > 1 given k. Substituting and solving for � in the
FTCS scheme we see that:

� (k) = 1 � i
v� t
� x

sink� x (5)

Figure 1: Example of an unstable integration scheme - Lax method with aCourant condition of
1.04 advected from the initial Gaussian pro�le for approximately 3s. In the next few timesteps the
errors overwhelm the initial pro�le completely.

Hence FTCS must be unconditionally unstable for any initialpro�le. While worthwhile
as a test over very short time scales, over any su�ciently long time scale the simulation
will produce worthless results as the errors exponentiallyamplify. For a visual depiction of
instability, observe how the pro�le is lost in [Figure 1].

The Lax method (whose complete derivation can be found in [4]) provides for a stable
scheme. Von Neumann analysis yields the stability condition for j� j < 1 as:

jvj� t
� x

< 1 (6)

This is the famous Courant{Friedrichs{Lewy (CFL) condition3, and its variants are found
in many �nite di�erencing schemes. The Lax method applied toadvection is not without its

3speci�cally for the Lax method applied to the constant �eld a dvection equation
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share of problems however, and these will be explored when wediscuss advection in greater
detail.

An important distinction must be made concerning the schemes mentioned here, both
explicit and implicit. Any scheme, however complicated, involving a stencil expressed as
a linear polynomial is considered a linear scheme. An extraordinary result by Godunov
[5] states that any linear monotonicity-preserving methodis at most �rst order accurate.
Monotonicity can be described heuristically as peak-preserving. As an example, consider an
initial pro�le containing N peaks under one-dimensional advection with periodic boundary
conditions. During any period of the simulation the number of peaks will only be guaranteed
to be N under a linear scheme if it is no more than �rst order accurate. This puts a
severe restriction on the development and accuracy of new linear schemes. The escape from
Godunov theorem then, must come from the consideration of non-linear schemes. In fact
there is much research on such schemes such as PLM, and MUSCL.In the case of shocks or
discontinuities these methods are essential to presevering accuracy. It is a future goal of this
project to implement these schemes in the advection code.

As the advection code must be integrated into a full systems biology model, I will brie
y
describe each of the operators used. The general three-dimensional model has both reac-
tion and di�usion operators, while one-dimensional active-transport has reaction and advec-
tion operators. The following sections will discuss each ofthese operators, their numerical
schemes, and their integration as a whole into the simulation.

Integration of multi-dimensional reaction-di�usion-adv ection
The total rate of change of any concentration can be given by:

@�(~x; t)
@t

= FR (� (~x; t)) + FD (� (~x; t)) + FA (� (~x; t)) (7)

WhereFR , FD , FA represent the 
uxes from the reaction, di�usion and advection components
respectively.

The issue of calculating the error for each of these calculations is subtle, especially so
if an adaptive time-step integrator is used. While not the focus of this paper, an extensive
review of the reaction-di�usion error using the method of Strang splitting can be found
by Miller [6]. Miller's resultant error is complicated, but straightforward and is actively
implemented in our lab's CellSim program. The advection-reaction error in one-dimension
is equally complicated4 and would be needed if any non-explicit methods were used. For a
constant velocity, the error reduces to (primes indicate total derivatives with respect to the
concentration):

EF =
vFR

24
(
@FR
@l

)0+ vF 0
R(

@FR
@l

) + 2 v(
@FR
@l

)0v(
@�
@l

) (8)

In general one would have to consider the splitting between all three operators. In our
case however, we are splitting the simulation into two sub-problems, an advection-reaction
and di�usion-reaction scheme. The trick comes from gluing the two simulations together.

4Derivation graciously provided via personal communication by Hanbing Lin
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It is believed, but uncon�rmed at this stage in the research,that the errors associated with
these interface e�ects are on the same order as the Strang splitting errors calculated above.

Reaction: Biochemistry
While the exact nature of biochemical reactions is speci�c to each set of interacting species,
we can formulate all interactions from kinetic rate theory [7]. Each interaction can be
modeled as a set of basic chemical reactions such as:

A + B
kf



kb

C + D (9)

Which represents two reactions, a forward reaction that takes a unit of A and B and converts
it to a unit of C and D at rate kf , and a backwards reaction that takes C and D and converts
it to A and B at a rate of kb. An enzymatic reaction can be represented as:

E + S
k2


k1

ES k3* E + S� (10)

whose catalytic step is an example of an irreversible process at rate k3.
A set of such equations can be converted into a system of ordinary di�erential equations.

For example, the �rst reaction is rewritten as:

d[A]
dt

= kb[C][D ] � kf [A][B ] (11)

where [A] is the �M concentration ofA and the k's are in units of (�M )� 1.

Passive Transport: Di�usion
The general form of di�usion can be quite complex due to the spatial gradients of the di�usion
tensor D :

@�
@t

= r D (~x; t)r � (~x; t) (12)

For our model we can reduce the complexity of the di�usion equation by making several
(standard) simpli�cations. As cytosol, the medium of interest, is roughly homogenous we
can assume that the medium is essentially isotropic. This converts the di�usion tensor to a
scalar,D.

The other two simpli�cations come from the spatial and time-variance of D. As long
as the dependence of these terms can be approximated constant locally (for time and space
respectively), we can with no loss of generality, refer toD as the di�usion constant. This
approximation will hold, at the very least locally, and all �nite di�erencing schemes can treat
it as such. Over the course of most biological simulations wecan assume that this approx-
imation is valid. In fact, most simulations go a step furtherand assume thatD is static in
both space and time [3] [6]. This may be from the fact that while single di�usion constant
is di�cult to measure [8], actually measuring time or spatial changes of the di�usion term
would exceedingly di�cult. The implementation of di�usion in our virtual cell is not done
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with any of the explicit schemes mentioned previously. The large three-dimensional regular-
spaced mesh points currently used parallelize well with second-order implicit schemes like
Crank-Nicholson.

Active Transport: Advection
For reasons that will be explained in the next section, it is su�cient to only consider advection
in the one-dimensional case. The general form of the advection equation is:

@�
@t

+ r � (�~v ) = 0 (13)

Where ~v represents the vector �eld de�ned at all points in space.
The exact solution to the constant scalar advection equation @�

@t + v@�
@x = 0 is trivial, yet

instructive. It can be seen [Figure 2] that the solution is simply � (x; t ) = � (x � vt; 0) showing
that initial pro�le of concentration is simply transported without deformation at a constant
rate.

Figure 2: Constant velocity �eld advection, note that the initial pro�le is unchanged.

Since the solution is known exactly, approaches labeled semi-Lagrangian follow these
streamlines (paths of constant velocity) to advect the solution with full accuracy. Our sim-
ulation however has advection, di�usion and reaction components. The integration of these
operators for the semi-Lagrangian method is presently unclear. As mentioned previously,
there are other stable stencils one can use to model advection. The Lax method considers
an averaging of points and leads to the solution of the one-dimensional advection equation
[4]:

� n+1
j � � n

j

� t
�

v
2� x

(� n
j +1 � � n

j � 1) +
1

2� t
(� n

j +1 � 2� n
j + � n

j � 1) (14)

While this solution has the highly desired property of stability (as long as the CFL
condition is met), it su�ers from a devious di�usion term. To see it, we return the �nite
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di�erences back to its representative equation:

@�
@t

= � v
@�
@x

+
(� x)2

2� t
@2�
@x2

(15)

Figure 3: Advected Gaussian pro�le using Lax stencil with periodic boundary conditions. Notice
the high degree of dissipation from the initial pro�le.

The second term can be considered as arti�cial di�usion. This has a dissipative e�ect
on the pro�le of the wave [Figure 3]. This dissipation occursat second-order in the wave
number k. It is an unfortunate fact that most of these linear schemes have a tradeo� between
arti�cial di�usion and numerical stability. With a constan t velocity �eld and a smooth initial
pro�le however, most of these issues can be resolved by simply considering a higher order
linear scheme. Currently in use is the two-step Lax-Wendro�method which has a dissipative
term only in the fourth-order of k. The Lax-Wendro� method performs very well under these
conditions, with almost no dissipation [Figure 4].

Under sharp concentration gradients however, the Lax-Wendor� method is very unstable
[Figure 5]. The methods employed in solving the advection equation in such situations is
dependent on both the accuracy and arti�cial smoothing one is willing to accept. The most
powerful methods, those from Godunov, employ a non-linear scheme with a specialized lim-
iter to handle discontinuities [9]. It is believed for our present simulations, that shocks and
discontinuities are small enough that the Lax-Wendro� method is a viable choice. In the
future however, we plan to implement these non-linear schemes.

Case study: Oxidative stress along the EGF pathway
When the epidermal growth factor receptor (EGFR) is activated by EGF it marks the
beginning of a signal whose cascade eventually results in cell survival and proliferation [10].
Excess proliferation when unregulated, can lead to the highly undesirable e�ect of tumor
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Figure 4: Advected Gaussian pro�le using the Lax-Wendro� stencil with periodic boundary con-
ditions. The total simulation time is 50 times longer than the previous Lax simulation yet it has
almost negligible dissipation.

growth. It is vital then, that the EGF signal is properly regulated by a suitable degradation
of the signal. In a typical cell, EGF binds to EGFR, which is internalized by a process
called endocytosis via clathrin-coated pits. This endocytosed EGFR is eventually degraded
by lysosomes. Current research indicates that the inability to down-regulate this signal via
endocytosis and lysosomal degradation has cancerous e�ects (oncogenicity)[11][12].

The study of reactive oxygen species (ROS) is important to the EGF mechanism due to
ROS's ability to modify the pathway by inhibiting lysosomic degradation of EGFR. Specif-
ically, H2O2-induced oxidative stress has been shown to block the normalinternalization of
EGFR through clathrin-coated pits and create a di�erent degradation-resistant internaliza-
tion mechanism via caveolae. The speci�cs of this ROS pathway come primarily from a
recent paper by Khan and Goldkorn [10]. These caveolae can di�use into the cell, but also
can attach to microtubulin and advect along the path of thesechains.

Spatial geometry:
It is necessary at this point to introduce notation to de�ne the spatial geometry of our cell.
There is no reasona priori to assume any preferred symmetry and the computational model
needs to re
ect the full generality. Physically, the problem can be broken into three distinct
domains: An outside surfaceSo 2 R2, the plasma membraneSm 2 R2, and the cytosol
Vc 2 R3. For every point that belongs to these domains there exists avector of � i; � that
de�nes the i th species concentrations in domain �.

The interaction between the surfaces can be modeled by two contact domains: the extra-
cellular region to plasma membrane contact �om : R2 ! R2 and the plasma membrane to
cytosol contact � mc : R2 ! R2.

The aforementioned microtubulin will serve as the sca�olding for active transport in
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Figure 5: Advected square pulse pro�le using the Lax-Wendro� stencilwith periodic boundary
conditions. In less than half a cycle, the instability arising from the sharp concentration gradient
is evident.

the system. Since the microtubulin are essentially one-dimensional, it is su�cient that a
single microtubule, M i is represented by an ordered set of three-dimensional coordinates
f x i;n g ! � mc . It is essential to note that, while these points are contained within the vol-
ume of the cytosol, they need not necessarily lie on the grid points of the three-dimensional
space of the general simulation. If �x (representing the spacing between the coordinates)
is constant, then there is aR3 ! R mapping of points onto a uniformly spaced grid on
the real number line de�ned asf zi;n g. This mapping converts the general three dimensional
advection problem into a much more amiable single dimensional one. It is also necessary
that each point has a well-de�ned advection velocityf vi;n g. Thus there are three pieces of
information to be stored for each de�ning point inM i : ~xi;n ,zi;n ,vi;n .

Biochemistry of the EGF pathway under Oxidative Stress:
Phosphorylated and advected species are marked with an� and y respectively. Enzymatic
reactions are given in a truncated form with only the catalytic step shown. While all rate
constants are labeledk, they are most likely di�erent and may possibly be unknown. We
are actively searching through the literature for experimental values.
The biochemical reactions from outside the cell onto the plasma membrane are:

(H2O2)So + ( SRC)Sm

k* (H2O2)So + ( SRC� )Sm

Biochemical reactions on the plasma membrane:

(SRC� )Sm + ( Cav1)Sm

k* (SRC� )Sm + ( Cav1� )Sm

(Cav1� )Sm + ( EGFR)Sm

k2


k1

(EGFR:Caveola)Sm
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(EGFR:Caveola)Sm

k2


k1

(EGFR:Caveola)Vc

Dephosporylation equations:
(SRC� )Sm

k* (SRC)Sm

(Cav1� )Sm

k* (Cav1)Sm

Active transport equations (conditional on a microtubulinpresent - see the section on Inter-
polation of microtubulins):

(EGFR:Caveola)Vc

k2


k1

(EGFR:Caveolay)Vc

Figure 6: Schematic pathway of EGF receptor exposed to H2O2 radical oxidative stress

One-dimensional Advection modeling:
Now that the framework for active transport has been established, we can proceed to de-
scribe the process of active transport along microtubulinsin the cell. It is a subject of active
research as to the speci�c shape of the microtubulins. The speci�c shape of the microtubulin
structure needs to be codi�ed and will be determined experimentally. Baring experimental
evidence otherwise5 we make some assumptions as to their preferred shape. We postulate
that the simplest con�guration should be preferred, i.e. a straight line from the beginning
point to the end. If this isn't possible due to obstacles likethe plasma membrane, or other
cell boundaries (such as the other cell components), the shape of the microtubulin will be
modeled as a cubic spline. Cubic splines are constructed piecewise from a set of third order-
polynomials, generally resulting in `smooth' curves connecting the points. In the future, a
rejection criteria could be adopted that rejects curves whose max curvature exceeds some

5One of the experiments currently being undertaken by the group headed by Andres Kriete
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threshold. The rationale behind this choice comes from the physical nature of the micro-
tubulins as a long protein chain. Sharp `kinks' in the chain would lead to an unfavorable
free energy con�guration. While the chain can bend, it wouldseem unnatural for the chain
to have a small radius of curvature at any point along its surface.

Figure 7: Schematic two-dimensional picture showing the amount� � b falling from the microtubulin
and di�using back into the cytosol over one timestep. The curved line represents the microtubulin
chain and the circle of radius L D represents is the maximum considered di�usion distance. The
proportional weightings to each point are discussed in the text.

Interpolation of microtubulins:
While the modeling of active transport as a one-dimensionalsystem has its obvious bene�ts,
the interface between the three-dimensional cytosol and the one-dimensional microtubulins
is a tricky matter. The issue lies with the advection points~xi;n contained within the cytosol
volume, but not actually corresponding pointwise with the points that de�ne the cytosol
itself. What is needed then, is a mapping from the advection points to the cytosol points
[Figure ]. The amount that `transforms' from a non-advectedspecies to an advected one
(or vice-versa) is explicitly mentioned in the biochemistry. Let these forward and backward
concentrations per timestep be labeled �� f and � � b respectively.

Physically, when a species leaves (or attaches) to the microtubulin the only transport
mechanism available in our model must come from di�usion. Since we are concerned with
di�usion between timesteps, it is natural to consider the characteristic di�usion length de-
�ned as LD = g

p
� tD (where g is a geometric factor of order unity). If this quantity is

small enough6 then it is reasonable to let the mapping from advected pointsto those in the
cytosol consist of only those within a sphere of radiusLD . If we consider the microtubulin

6The di�usion coe�cient of soluble proteins in cytoplasm has been estimated to be between 10� 5 and
10� 6 m2/s from a variety of methods [3]
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points to be static over the course of the simulation, then a preliminary calculation can map
all points ~xi;n inside an appropriate bounding sphere inVc with the proper weighting. Let
the collection of such points for a given~xi;n be designatedA (with the condition that the
nearest neighbor is always included). This weighting determines the proportion of � � f and
� � b spread to each point. Since there is no physical reason the weighting should be di�erent
for � � f and � � b, only one weighting scheme is needed.

I am proposing that the change of species in the cytosol due toits falling o� the mi-
crotubulin should be related physically to the form of radial di�usion. The solution to the
di�usion equation in spherical coordinates gives an exponential r 2 decay in concentration [8]
[13]. Thus the amount a point in the cytosol would increase due to a species changing from
active to passive transport at a point ~A j due to ~xi;n would be:

@�( ~A j ; t)
@t

= � � b(~xi;n ; t)
exp

�
�

�
j ~A j � ~xi;n j

L D

� 2
�

R
(16)

Where R is de�ned as:

R =
X

m

exp

0

@�

 
j ~Am � ~xi;n j

LD

! 2
1

A

The total rate of change would sum over all points~xi;n that are contained within their
respective sets. While the sum looks computationally imposing, remember that all mappings
and weightings are pre-computed and stored. The scheme is inherently parallelizable, since
each microtubulin calculation is independent of another. Typically however, the computa-
tional cost of di�usion-reaction in three-dimensions willfar outweigh what gains we consider,
optimization of this process may simply be academic at this point. Also, it is entirely pos-
sible that there are very few points to consider since the weightings drop o� so rapidly7.

Future Work:
Now that the blueprint has been laid out, the real work can begin. It has been considered
that the advection speed (which has yet to be measured by our group, but estimated at 10�m

s )
can vary along the length of the microtubulin. There is a physical rationale that dictates
the speed along microtubulin which may be dependent on both concentration gradients and
the curvature of the tubulin themselves.

Currently, an abstract model of one-dimensional advection, di�usion and reaction has
been implemented in Python for testing purposes. At present, the advection code only has
linear �nite di�erencing schemes as proper integrators. The success of these integrators over
smooth pro�les has delayed the implementation of non-linear schemes (whose values only
become apparent when discontinuities are signi�cant). Interpolation, while laid out in detail
from the one-dimensional to three-dimensional space, may open the door to new complex-
ities when actually implemented. The errors associated with advection-di�usion-reaction

7Consider only two points in A where one is twice the distance to~xi;n than the other. If L D = 1, the
above weighting gives the closer term almost 95% of the totalconcentration
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operator splitting may be more signi�cant than expected, and this may cast doubt onto the
methodology itself. Nevertheless, the �nest tests for numerical validation come from the ex-
perimental results. It is vital then that these numerical simulations are developed in tandem
to the experimental procedures. Exciting new procedures are actively being developed [14]
[15] that tag speci�c species using quantum dots. These methods could provide the needed
validation for our numerical simulations incorporating spatial heterogeneity and ultimately
elucidating the role active transport plays in signal transduction.
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