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1. (Schutz 6.29) In polar coordinates, calculate the Riemann curvature tensor of the sphere of unit radius
whose metric is ggg = r2,g¢¢ = r2sin? 0,905 = 0.
Solution:
The metric for polar coordinate on the surface of unit sphere is

1 0
0 sin?0

The christoffel symbols are given by

1
Fz/jp = 59“0 (gua,p + gpcr’l, - gz/p}a>

The only non zero derivative of metric is with respect to 6 so we get

1 1 .
I = 5999 (=940.0) = —5 5in20

Similarly the other non zero Christoffel symbols are

cos

Ty =194 =
99 = Sing

And the Riemann tensor is given by
R = Fgurgv e gu - Fgu,u + Fa”#
A A A A
Raﬁuv = Gax (Fourgu - FUV gu - FBM,V + Fﬂl/”u)

Calculating

9oo (Fﬁqﬁfg@ —T0,T5s — in;sﬂ + F§0,¢>
sin? 0 (19, T — T50T55 — Thy , + Tho )
—in? ¢ 1o _po

= sin“ 0 (fI‘MI‘% — F@qb)g)

2
.9 cos” 0 1
=sin“0 | — + ——
( sin?f  sin? 0)

=sin? 6

Ryopo

Now we can permute the coordinate with the symmetry property to obtain
R¢99¢ = — sin2 0 R9¢¢9 = — SiIl2 0 R9¢9¢ = Sin2 0

These are the non zero components of Riemann tensor. O



2. (Schutz 6.30) Calculate the Riemann curvature tensor of the cylinder.
Solution:
The line element ins the cylindrical coordinate system is

ds? = dr? + r?d¢? + dz*

So the metric in is

1 0 0
Ju = |0 r? 0
0 0 1

The Christoffel symbols are given by

1
Fﬁp = 59“‘0 (gmr,p + gpoﬂ, - gupﬂ)
The only non zero derivative of metric is with respect to 6 so we get

1

oo = 59" (=gs0.r) = =7

Similarly the other non zero Christoffel symbols are

1
Ffi’r :F¢T:,
® @ r

And the Riemann tensor is given by
Raﬁ/’“’ = Fgﬂrgl’ - Fg’/ gﬂ - Fgu,y + Fa’/,,u,
A A A A
Rapuw = gan (ergu 155, — T, + FBV,M)
Calculating
Roror = 9oo (ﬂﬂﬁ T¢I, — qus)r + Ffr,¢)
=2 (V0,07 = T8,T5, =0, +T%, )

S A S
—r (—F(Mrm—rr%)

[ 1 1
T _ﬁ+ﬁ

=0

Now we can permute the coordinates and with symmetry all the rest are zero too.
Rorrg =0 Rrgpr =0 Rrgrg =0

So all the components of Riemann tensor are zero, showing that the surface of cylinder is a flat surface. [J

3. One way of describing the metric of a flat, homogeneous, expanding universe is:

-1 0 0 0

where a(t) is a function of time only, and the coordinates are

ot =

e Ry o+



(a) Compute all non vanishing terms of the Riemann Tensor.
Solution:

The Christoffel symbols are given by
T = 1 Ho + —
vp 29 gua)p gpa’,, gyp’a

The only non zero derivative of metric is with respect to ¢t so we get

1 .
Fth = §gtt (_gww,t) = aa

These are true for y and z coordinates.
t Loy . t tt .
Dy = 59" (mgyye) =ad T'a = 597 (—gez) = ad
Similarly the other non zero Christoffel symbols are
a
Pwtm = szt = -
a

These are also true for y and z.

Qe

a
[V =TV = a [, =T% = P
And the Riemann tensor is given by
Raﬂﬂy = Fg,u,]‘—‘gl/ — Fgl/ gu — g#ﬂ/ —+ ]‘—‘(XV7M
R = Gon (rgurgu ~T3,05, T3, + Dm)
Calculating

Rytzt = Yo (Fiwrtat - Fitrgfv - Ffw,t + tht,a:)

o (T2,15, ~T5,1%, T4, + T4, )
= a? (-T4Is, - T4, )
9 a? . a? . a
=a _— — —
a?  a®* a
=ada
Now we can permute the coordinate with the symmetry property to obtain
Rytte = —ad Rizet = —ad Rizie = ad
Similarly the rest of the values can be calculated as
Ryzoy = —a2q?
The rest of them can be obtained by permuting the index using the (anti-)symmetry property.

2.
Rza:wz = Rzyyz = Ryzzy = szza: = Rwyyw =—aa



(b)

Compute all Non-vanishing terms of the Ricci Tensor.
Solution:
The raised version of Riemann tensor is

R gy = 9% Ropyp
The first index non vanishing term is
x tt 0 T yy 0 zz 0
fe = 0" Bee ™+ 9" Rova + 9" Bytts + 9% Rerr™
9 .. a
=a “(—ad) =——
(~ai) = 2

Using the symmetry property and the elements of metric we get the rest of components of Riemann
tensor as

pe 4 o _ 0
ttx a txt a

a a

RY, =—- RV, =-
tty a tyt a

a a

R, =—- R, =-
ttz a tzt a

Now the components of Ricci tensor in terms of elements of Riemann Rensor are

Raﬁ = g“VRZz,uB

Specifically for R;; we get

0
Ry = 9“%"‘ 9" Ry + 9" Ry + g°7 RE,

= —a %4a — a %4a — a %da

= —3i/a
Similarly rest of the components can be calculated. They are
Ry = Ry, = R, = ai + 24°

These are the components of Ricci tensor O

Compute Einstein Tensor.
Solution:
The components of Einstein tensor are given by

1
Gw/ = R,LLV - §guuR (1)
The Ricci scalar can be calculated by contracting the Ricci tensor as
. . 2
R=R+R +R/+ R =620 )
a

Now the Einstein tensor simply is the substitution into the (1). The first component of this tensor
is
1 i 16(ai+a*) _a?
Gy=Ry— -guR=-3-—+-———= =3
tt t— 5 a + 3 e e
Similarly the rest of the components can be calculated.
1 5, 6(ad+a?)

1
sz:Rm—ingzaa—&-Qa?—ia Tz—&m—a



Gz = Gyy = G, = —2ai — &*

The raised version of Einstein tensor similarly areﬂ

3 a? a? + 2ad
Gttzfi wa:ny:Gzz:_
2 a? a*
These are the required components of Einstein tensor. O

4. (Schutz 6.35) Compute 20 independent components of Rag,,for a manifold with line element ds? =
—e2®dt? 4+ e2Mdr? + 12 (d92 + sin? 9d¢2), where ® and A are arbitrary functions fo the coordinate r alone.
Solution:

Writing down the metric from the given expression for line element

20, _ _2A. _ 2. 22
gt = —¢€ Grr = €7 gop =T, 9o = TSI 0
The inverse metric is
gt = —e 2%, g = e, g = 1. % = 1
’ ’ r2’ r2sin® 0

The Christoffel symbols can be calculated by the expression

1
Fz/jp = 59“0 (gua,p + gpa,l, - gup}g>
Evaluating the these we get
t t
Frt = Ftr = (I)”"
b = —re" 2 sin? 0 Iy, = —7‘672A+2¢‘I>,7- Iy, =A, o = —re 20

1 1
9 =-sin20 T9 =1% ==
[oXo) ZSIH or r0 r

1 cos 6
¢ ¢ _ ¢ _ 1o _
I‘w_l“m_; F‘M’_F‘w_siné)

The Riemann tensor is given by
R%MV = Fgu,y + FQV,H - Fgu By — ngrgu
R = 90T, + Ty, —~T2,0%, ~ TAI5,)
Explicitly for Ry.¢ we get
Rirtr = gttRitr
 |E 4 D T, T
_ 2% [@.,, +T7,I7, — 7. I7,]

T TT rrert

= =2 [0+ (0,)° — B0,

The rest of the components can be similarly calculated E|

Rtrrt - ((A,T - (I),’!') ‘I),T' - ‘I),T"I') e2<1>
Rtrtr - (_ (A,r - CD,T) (I),T + (I),?”T‘) 62‘19

IThis was solved mostly using Cadabra. https://www.physics.drexel.edu/~pgautam/courses/PHYS631/
einstein-tensor-expanding-universe.html

“I did this using Cadabra. The detail of this exercise is at https://www.physics.drexel.edu/~pgautam/courses/PHYS631/
HW4Schutz6.35.html


https://www.physics.drexel.edu/~pgautam/courses/PHYS631/einstein-tensor-expanding-universe.html
https://www.physics.drexel.edu/~pgautam/courses/PHYS631/einstein-tensor-expanding-universe.html
https://www.physics.drexel.edu/~pgautam/courses/PHYS631/HW4Schutz6.35.html
https://www.physics.drexel.edu/~pgautam/courses/PHYS631/HW4Schutz6.35.html

Rigig —re~ A 2%4in? 0%

—2A+23
Rugrg =re *12%@
Rigpt = — re 2A+2%4in? 0,
_ —2A+20
Rygor = — e ‘I’,r

Rygre —rsin? OA ,

Rrorg =T A,

Ryt =(— (A,r - ‘I),r) o, + (I),rr) e®
Rrppr = — rsin? OA

Rrggr = — TA,T

thtr - ((A,r - (I),T) (D,’r‘ - (D,”‘T) eQCD
RHTTQ = - TA,T

ROT@T :rA,T

1 -
Rog0e :57”2 (eQA sin (26) (tan 8) " — 2¢A cos (26) + cos (26) — 1) e 20
Roio: :T€72A+2¢‘I>,r
2A) =24

Ropopo =2 (1 —e sin? 0

Roo = —re 221229

Ryrrp = — rsin? oA,

Rygos =r* (1 — eZA) e ?Asin? 0
Rgrpr =rsin? OA .

Ryo40 =r? (62A — 1) e ?Asin?0
Ryt —re~ 2 2%gip? 0%
Rypg = — re 2A 2242 02 ,

These are the non zero components of Riemann tensor. O

5. (Schutz 7.7) Consider the following four different metrics, as given by their line elements:

i ds? = —dt? + da? + dy? + dz? ;
ii. ds? = — (1 —2M/r)dt®> + (1 — 2M/r)~1dr? 4 r?(d6? + sin® 0dp?) where M is a constant.
iii. ds? = —dt? + R2(t) [(1 — kr?)~1dr? + r%(d6? + sin® 0d¢?)|, where k is a constant and R(t) is an
arbitrary function of ¢ alone.
(a) For each metric find as many conserved components p, of a freely falling particle’s four momentum
as possible.

Solution:
The rate of change of momentum is given by

dps 1 Voo
m dr 2g/wz,[3p p

The momentum pg is conserved when g,,,3 = 0. From the given metric the conserved quantities are
forlll:  pi,pe,py, 02

forliil:  pips
for izl : Do



(b)

Write [i.| in the form
ds® = —dt* + dr® + r* (df” + sin® 6d?)

From this argue that are spherically symmetric. Does this increase the number of conserved
components of p,?

Solution:

The coordinate transformation from Cartesian to polar is

x = rsinfcos ¢ = dx = sin 6 + cos ¢pdr + +1 cos 0 cos ¢pdf — r sin 0 sin ¢pd¢
y = rsinfsin ¢ = dy = sin 0 + sin ¢pdr + +r cos 0 sin ¢df + r sin 0 cos pdep
z=rcosf = dzcosfdr = —sin6df
Substituting these in the line element we get
dI? = — dt? + dr?(sin® @ sin? ¢ sin” 6 cos? ¢ + cos?)+

+ db? (r2 cos? 0 cos? ¢ + 12 cos? 0 cos® ¢ + r? sin® 9)

+ do? (r2 sin” 0 sin? ¢ + 72 sin 0 cos? ¢)

= —dt® + dr® 4+ r* (d6® + sin® 0d¢?)

This is the required transformation in spherical form. O

It can be shown that for and a geodesic that begins with § = 5 and p? = 0- i.e., one which
begins tangent to the equatorial plane- always has § = 7 and p? = 0. For these cases use the equation
PP = —m? to solve for p” in terms of m, other conserved quantities, and known functions of position.
Solution:
Expanding the relation p'- p = —m? we get

—m2 = g (0)° + grr 07)* + go0 (1°)° + 900 ()"

Given § = 7/2 and p’ = 0 we get

2 2
o= | 29 0 G (%)
Grr

Since p' and p? are conserved substituting the corresponding metric values g5 gives the quantity p”

tor ki b mmP A 22 () 42 (pe)”
or [ii. p" = 1= 20/r
for p" = \/1Rﬂé€t§2 (*mQ + (pt)Q + (R(t)r)? (pd’)Q)

These are the required expression for p” in terms of conserved quantities. O

For [iii.| spherical symmetry implies that if a geodesic begins with p? = p? = 0, these remain zero. Use
this to show that when k£ = 0, p,. is a conserved quantity.

Solution:
The rate of change of momentum is given by
dps _ 1 v, o
m ar 29,ua,ﬁp p
M = L (g0 (02 + gorr )2 + 900, 0")? + 90 (0°)?)
dr 2 Git,r P Grr.r\P 900, \P 9o \P
But for £ =0, g, =0 and gy, = 0 and given p? = p? =0 we get
dpy
=0
m dr
This proves that p, is a conserved quantity. O



6. What fractional energy does a photon lose if it goes from the surface of the earth to deep space?
Solution:
When the photon goes from the surface of earth to outer space, it must lose the gravitational potential
energy that is has near the surface of earth. So the photon must lose this energy. For photon

(U%)?g00 = —1
On surface of earth with weak field limit
goo = —(1 —29)
So near the surface of earth
Ul~1+¢
In far space metric Minkowski goo = —1 so in far space
U’=1
So ratio of energy
1
Tre ¢

So change in energy is ~ ¢ On the surface of earth the gravitational potential is

GM 6.672 x 10711 x 6.0 x 1024

- _ ~ 7 10710
2r 6.4 x 105 x 9 x 1016 %

¢:_

So the photon must lose this energy fractionally. O



