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∑
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~ωm(a†
mam +

1

2
), �w���

� `cb�p�eh�r�cj|ikb'��lyn*lo`rb�g�nx�xb'u�nht�ly`rb��L���Db�js��zyb�uw�rj|lou�ikp�ehp�ikpx�cpri|lybY�'b�zonh���DnIi|pJl�b�pcb�zo�qv � ��b�zonh���0nqikpIl�isu� `cb�p a†
mam = 0 �B� _a`riku�b��0b�{�l � equ]�cz~u�l�bB�x�rjknqzob'����v\��equyikg�ikz]ikp ���h J¡�¢|��£ ���r�xlai|lou�u�lozoeqpr�qb¤ikg��rjkik{'e}lyiknqpDu`De¦¥qb��xi|zob'{Blyjkv§g�b'eIuw�czoeq�rj|b�bB�<b'{Blou �¨fpxt©nqzyly�cpce}lob�jkv*t©nqz�equwlyzonqprnIg�b�z~u��<i|l��rnJb�u�prnhl�`rb'j|� � imlo`ªly`rbY�reqzy«*b�pcb�zo�qv¬�rzonq�rjkb�g � _a`rb�nq�cuyb�zo¥qb��eI{�{�b�jkb�z~e}lyiknqp\nht�ly`rb�b����Dehpcuyi|nIp\nqt
lo`rb��rprik¥qb'zouyb�{�ehp.�0b�eq{�{�nq�rpJlob'�Yt©nIz¤��v§e�¥}eq{B�c�rg#b'prb�zo�qv��xb'pcuyiml�v�nqt

ρc = 9 × 10−22 J/m3. �8­q�_a`cb�zob � equ®nqpc{�b�uynqg�bU`rnq�0b�ly`cehl®lo`rb���b�zonh���0nqikpIl�b�prb'zy�Iv¬{Bnq�cjk�¯�rzyn}¥�is�xb�lo`risu¤°w{�nIuyg�nIj|nI�qis{�eqj
{BnIpcu�l~ehpJl�± �² u � b � i|jkj³uw`cn � �0`cn � b'¥qb�z��Dly`rb���b'zynq�8�0nqikpJlfb�pcb�zo�qv*iku�gU�c{~`�lon\jsehzo�qb
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5×E = −1

c

∂B

∂t
,

5×B =
1

c

∂E

∂t
,

5 · E = 0,

5 · B = 0.Àcnqjkj|n � ikpr� �ÂÁ ehjkjkb�pJlyikprb �'�c�|�¦� � b��cpc�.prnIzygYehj<g�nx�xb'u¤nht
lo`rb�ÃÄ�cb'jk�\t©zonqgÅlo`rb � e¦¥qb�b'¿J�ce}loi|nIp
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E(x, t) =
∑

m

fm(t)um(x). �ÂÇJ�
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um(x)
uoe}loikuwt©v
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um(x) = −k2

mum(x), �© ��
5 · um(x) = 0, �4ÈI�
n̂× um(x) = 0
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n̂
iku�lo`rb��rpri|l¤prnIzygYehj<lon�ly`rb�{�nqpc�x�D{�lyikpr��uy�rzytÂeq{Bb �_a`rb�uwnIj|�xloi|nIp§lon � b�¿��  �� i|p Ç � uy�ceq{�b®`ceIua¥qb�{�lynIz�{Bnqg��0nqprb'pJlou

ux = A1 cos(k1x) sin(k2y) sin(k3z),

uy = A2 sin(k1x) cos(k2y) sin(k3z),

uz = A3 sin(k1x) sin(k2y) cos(k3z)._a`rb � e¦¥qbY¥Ib'{�lonqz�� `cequ�ly`rzob�b.{BnIg��0nqpcb�pJlou'�
ki = niπ

Li

� imlo`�t©zob'¿J�rb�pD{Bv
ωk = c

√

k2

1
+ k2

2
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3
� _a`rb�xi|¥Ib�zo�qb'pc{Bb�{BnIpc�xi|lyiknqp � b�¿�� Èq� ikg��rj|ikb'u A · k = 0 � _a`��cu��)eqpc���ªeqzyb�pcnhl¤jki|prb�ehzoj|v§i|pc�rb��0b�pc�xb'pJl'� � `cik{~`g�b�ehpcu�lo`ce}l�lo`rb�zob�ehzob�l � n�ikpc�xb��0b�pD�xb�pJl¤g�nx�xb'u Ai

t©nqz�b�eq{~` � e¦¥Ib®¥Ib'{�lonqz�� � `rb�p¬ehjkj ni 6= 0 �_a`rb�p��rg
�0b�z®nht³g�nx�xb'ufi|p*lo`rbU{'e¦¥Ji|l�v§¥Inqjk�rg�b
Ω = L1L2L3
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2Ω/π3 �
	 ikpc{�b���isufuwlyzoik{Blyjkv§�0nIuyimloi|¥Ibq�

� b¤nIprjkvUehzob�jknJnI«�i|pr��ehl]nqpcb¤nx{�loeqpJl]nhtP�r`ceIuwb¤uy�ceI{Bb � ÀrnIz]jsehzo�qb��³�Jly`rbf��b�zonh���0nqikpIl b'prb�zo�qv��xb�pDuwi|l�vq� � � `rb'zyb
a†

mam = 0
ikp � b'¿�� �¦�w� {�eqp§lo`J�Du��Db�eq�r�rzon¦�xi|gYe}lob'�§�Jv\ehp.i|pJlyb'�qz~ehj�eIu�t©nqjkj|n � u
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_a`rb�ikpIlob��Izoeqj � b�¿�� �I� isu�nI��¥Jiknq�DuwjkvÆ�xik¥qb'zy�Ib�pJlYimt � b�jkbBl k → ∞ � � `cik{~`�prb�{Bb�uyuyiml~e}lob'uYikpJlyzon��r�c{Bikpr��eg�eh�xi|gU�rgÅt©zob'¿J�rb�pD{Bv
kc = 2π/λc � _a`��cu'��ly`rb�ikpJlyb��Izoeqj4��b'¥¦eqj|�De}lyb���t©nIz¤ehjkj k < kc

isu
~ck4

c/8π2. ���h�_a`rb
{B�rlynh� � e¦¥qb�jkb�pc�hly` λc

isuftÂehikzyjkv\eqzy�ri|lyz~ehzovq�c�r�xlflon\�xb'g�nqpcuwlyz~e}lob�`rn � ¿I�cik{~«�jkv � b'¿�� �q� ikpc{Bzob'eIuwb�u��� b�uy`rn � eUt©b � bB�reqg��cj|b�u��
� t©nqzf{�nqg��cehzoisuwnIp �¤������� jkik�q`Jly�r�cj|�¬e}l � g → 2.7 × 10−8 J/m3,

λc = 1mm → 6.24 × 10−13 J/m3,

λc = 300nm � prb'eqz�¨�� � → 77.1 J/m3,

λc = 10nm �w�'� b�� � → 6.24 × 107 J/m3,

λc = 1.6 × 10−35m � ly`cb�� jkeqpc{~«�jkb�pr�qly` � → 9.5 × 10114 J/m3.² l
j|nIpr� � e¦¥qb'j|b'pr�hlo`cu���ly`risu�b�prb'zy�IvfisuPtÂehikzoj|v�prb��Ij|ik�qik�rjkbq���r�xl nqpc{�b³ly`rbL¥�ikuyi|�cj|b zob��Ii|nIp�`cequ
�Db'b�p�ikpc{Bjk�c�xb��P�iml�z~eh�ris�xjkvY�rj|n � u��r� � d¤n � b�¥qb'z'��uyi|pc{�b�ly`risuaiku�lo`rb�g�i|prikg
�cg#b�pcb�zo�qv�nht�ly`rb��cb'jk��� � b�{�eqprprnhl�b��JlozoeI{�l�ehp�v�cuwb�t©�rj � nqzo«Ut©zonqgÅi|l¤uwn�i|l��rnJb�u�prnhl�prb�{Bb'uouoehzoi|jkvY{Bzob'e}lob®eU�cehz~eq�rn¦� � _a`rb��rehzo«Yb�pcb�zo�qv�zyb�t©b�zozyb��YlonUikp � b'¿��­q� isuaehjsuwn
g
�c{~`.uwgYehjkjkb�z lo`cehp.ehp�v�nhtPlo`rb�eq�Dn}¥Ib¤b�pcb�zo�qvY�xb�pDuwi|lyikb'u � d¤n � b�¥qb'z'�qly`rb���b'zynq�8�0nqikpJl]b�pcb�zo�qv�{�ehp�rzynx�x�D{Bb�e�prnhloik{�b'eh�cj|b�bB�<b'{Bl¤�Db�l � b'b�p.l � n�{�j|nJuwb�{BnIpc�x�c{BlynIzou �
� � ·�½�^�¹ ^�V��}W�V [�º
�Lnqpcuyik�rb�z]e��0n¦��nht
�xikg�b�pcuyi|nIpcu

L×L×L � ² {BnqpD�x�c{�loi|pc���rjse}lybfiku]i|pcuyb�zylyb��Ye}lae��xisu�l~ehpc{�b
R
t©zonqg nqpcb¤nhtly`rb�tÂeq{�b'u � R � L �B� _a`riku�eqjmlob�z~uLly`rb��0nq�rpD�rehzov�{BnIpc�xi|lyiknqpcua{�eq�cuyi|pr��eUt©zyb�¿J�rb�pc{�v§uy`rimt l�nqt
ly`cb��'b�zonh���DnIi|pJlb�prb'zy�IvYi|p.ly`cb��Dn¦� � _a`rb�{~`ceqpr�qb�ikp§lo`rb���b'zynq�8�0nqikpJl�b'prb�zo�qv�isu

∆W = WR + WL−R − WL, �4¡I�
� `rb�zob WR

iku ly`rb®b�prb'zy�IvUnIp�ly`rb®j|b�t l�uyik�xb®nht<ly`cbf�rjse}lob � t©zonqg � lon R � � WL−R

isu³ly`cbfb�pcb�zo�qv�nqp�ly`cbfzoi|�I`Iluwis�xb�nht ly`rb��cjkehlyb � t©zonqg R
lyn

L � eqpc� WL

iku�ly`rb�b'prb�zo�qvYnqt�lo`rb��Dn¦�\�Db�t©nqzob®lo`rb��rjse}lob � equaikpcuyb�zylyb�� �_
nU�cpc�\ly`cb�b�prb'zy�IvYnht�b�eq{~`.zyb'�qiknqp�� � b�g
�rj|lyik�rjkvYly`rb�ikpJlyb'�qz~ehj � b�¿�� �J� �Jv�ly`rb�¥Inqjk�rg�b®nqt�lo`rb�zyb'�qiknqp ���bBl
k =

√

k2
x + k2

y + k2
z

uwn�ly`cb�i|pJlyb'�qz~ehjsuaehzob

WL =
2L3

π3

∫ ∫ ∫ ∞

0

1

2
~ck dkxdkydkz,

WL−R =
2L2(L − R)

π3

∫ ∫ ∫ ∞

0

1

2
~ck dkxdkydkz ,

WR =

∞
∑

n=0

θn

L2

π2

∫ ∫ ∞

0

1

2
~ck dkydkz .
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θn = { 1
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k/kc

À�ik�q�czyb � � ² p.b��rehg��rjkb�{B�xlonh�¬t©�rpc{Blyiknqp �
� b�prb�b��\lyn�zyb�u�lozyis{�lalo`rb�¥}ehjk�rb'uanqt�«�ikp.ly`rb�eq�Dn}¥Ib®ikpJlyb��Izoeqjku'�xuwikpc{�b®lo`rb�v.ehzobq�xeh�Jehikp��r�xik¥qb'zy�Ib�pJl � _a`rb`ci|�I`§t©zob'¿J�rb'pc{Bv�g�nx�xb�u�ehzob®prnql�prnhloik{�b'�\�Jv�ly`rb�{�nqpc�x�D{�lyikpr���rjse}lob � _a`��cu�� � b�{�eqp\b��0b�{�lyik¥qb'j|v§i|�Iprnqzobflo`rb`ci|�I`\«\g�nx�xb�u � _�nY�xn�ly`risu'� � b�ikpJlyzon��r�c{Bb�e�{B�xlonh��t©�cpc{�loi|nIp��

f(k/kc) → 1
t©nIz

k � kc,

f(k/kc) → 0
t©nIz

k � kc.² p*bB�rehg��rjkb�{B�xlonh��t©�rpD{�lyiknqp*isua�rjknhlwlob'�.ikp � �c� ���¦���
���,+ -/.10#2�!�03�����(45����� �6�(����4#7�
8�'�)$9�

² �r�rjkv�i|pr��lo`rb�{B�rlynh�¬t©�cpc{�loi|nIp*lyn � b�¿�� ¡J� � � b��cpc�

∆W = ~c
L2

π2
(

∞
∑

n=0

θng(
nπ

R
) − R

π

∫ ∞

0

g(kx)dkx) �4�I�
� `cb�zob

g(kx) =

∫ ∫ ∞

0

k f(k/kc)dkydkz , �����I�
eqpc�

k
ehpD�

kx

ehzob�equ¤�rbB�cprb���eh�0n}¥qb � _a`rzynI�r�q`¬e�uybBl®nht uw�c�cu�loimlo�xlyiknqpDu �4Á eqj|jkb�pJloi|prb
� � ÈqÇ �q� � � b
eqzyzoi|¥Ib�e}le�uyi|g��rjki|�cb'�.bB�x�rzob'uouyi|nIp�t©nqz � b'¿�� �I� ikp�¥qnIj|¥�ikpr� ω = n2

1 + n2

2 + n2

3

�

∆W =
~cL2π4

4π2R3
(

∞
∑

n=0

θnF (n) −
∫ ∞

0

F (n)dn) �w�q�¦�
� `cb�zob

F (n) =

∫ ∞

n2

√
ωf(

π
√

ω

R kc

)dω.

:�t � b¤b'¥¦eqj|�De}lybfly`rb��xi|�0b'zyb'pc{Bb¤�0bBl � b�b'pYly`cb®uy�rgÅehpc��lo`rbfikpJlyb'�qz~ehjc��v�g�b'ehpDu nhtPlo`rbf�]�rj|b'zw� ��eI{Bjseh�rzoi|pt©nIzygU�rjse ¢ ­�£ � � b®�Dpc�*ehp.b�prb'zy�Iv§uw`cimt l¤nqt

∆W = −~c
π2

720

L2

R3
.
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_a`riku¤b�prb'zy�Iv��xim�<b�zob�pD{Bb � i|jkj��rzonx�x�c{�b�eUt©nIzo{�b

F = −∂∆W

∂R
= −~c

π2

240

L2

R4
.

² j|lyb�zopcehlyb�jkvq�xnIprb�{�eqp\jkn�nq«§ehlaly`risu¤equ�e��rzob'uouy�rzyb�nqp\ly`cb��rjkehlyb � nht³ehzob'e A = L2 � nht

P =
F

A
= −~c

π2

240R4
.
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t©nIz]lo`rbfb��xikuwlyb'pc{Bb®nhtPly`ciku]t©nqz~{Bb � _a`rb®�cz~u�lL�Jv 	 �Dehzopceqe¦vi|p ���IÈh¡ isuf{�imlob'�*ikp*ly`rb
lybB��lo�Dn�nq« � �¬nIzyb�zob'{�b�pJlyjkvq�c��nq`ris�xb�b'p�ehpc�
�¤n}v ¢ Ç¦£ eqpc� �
eqg�nIzyb�eh�x� ¢  q£ �0ehg�nqpr�nhly`cb�z~u��D`ce¦¥qb�g�b�equy�rzyb��.ly`risu®bB�<b'{�l®lyn.uw�r�r�8g�is{Bzonqp¬uy{'ehjkb'u'� � i|ly`�ehp�eq{'{B�rz~eq{�v§nqt]e�t©b � �0b�z~{Bb'pIl � uyb�b��D� �­q��� _a`rb¬bB�x�0b�zoi|g�b�pJl~u�ly`rb'v7�0b�zyt©nqzog�b'�Æi|p�¥qnIj|¥Ib*g�b�equy�rzoi|pr��ly`cb¬t©nqz~{Bb*nqp�eqpÆ�rpD{~`cehzo�qb��P�L{�nqpc�x�D{�lyikpr�uw�r`cb�zob�nqz��rjse}lob � `rb�p*i|lfiku¤�rzynI�r�q`Jl¤{BjknIuyb�lyn�eqprnhlo`rb�z��cpc{~`cehzo�qb��P�r{BnIpc�x�c{Blyikpr�Y�rjse}lob � Àcnqz¤e�jknqpr�Yjkisu�l¤nqtbB�rehg��rjkb'u'�ruwb'b ¢ È}£ ehpc�*e�uw�cg�gYeqzyv�nqt�zob'{�b�pJl � �rzobB� ­ � �h J� zyb�uw�cjml~u ¢ �h£8�

� º��}ºaV3º�S\[�º�½
¢|��£ ��eIuwikg�i|z��Pd ��Á���������� p¬lo`rb ² lwlyz~eq{Blyiknqp Á b�l � b'b�p¯_ � n��3b�zyt©b'{Blyjkv��Lnqpc�x�D{�lyikpr� � jkehlyb�u ��� �]zynx{ ��� �Ij ��fb'� � ² «}eq� � � b�l � � � � �}�IÇ � �'�q I¡c�
¢ ­}£ `Jlyly� �����}g�ehly` � nqzojk� � � nqj|t©zoeqg � {BnIg��¦� �rjkb�zy� ��eq{�jkeq�rzyikp�: pJlyb'�qz~e¦lyiknqpDÀrnqzyg
�rjsequ � `Ilog�j
¢ Çh£ ¨ � �¬nI`rik�rb�b�p¬eqpc� ² � ��n}vI� � `�v�u � ��b'¥ � ��bBlyl � � ¡r� �x� �r �È} I�\�����q�q¡J���
¢  q£ ��ehg�nqzob'eq�x�P� � `�v�u � ��b'¥ � ��bBlyl ���h¡ � È � ¡.�����q� �q���
¢ È}£ `Jlyly� �����h{�tÂe}� ����� � `cehzo¥}ehz~� � b��x�����r�ceh�c���}{'equyi|g�ikzw���rik� � `Jlog�j
¢ �h£ ��� ² � �¬ikjmlonqp��"! � � `�vxu � ² Ç �\�4­����h �� � ­ �I�

 


