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Problem 2.1 Construct the analytic mapping ¢(x,y) for the parametrization
of SL(2;R) given in Fig 2.2.

With an eye to 2.3 we see that we can write such a matrix as
M = SR,

where S is real, symmetric, and unimodular, and R is a rotation matrix. We
want to represent the symmetric matrix as a point on the hyperboloid 22 — 22 —

y? = 1, which we can do as follows. For S we have the matrix

a b

b ¢ |’
and the unimodular condition is ac — b*> = 1. We can identify this condition
with the hyperboloid condition by ac — b? = 22 — 2 — 32, which we can satisfy
by setting b = y, and thus ac = 22 — 22 = (z — 2)(z + ), so that we have

a = z—x and ¢ = z+xz. But, by choosing the upper sheet up of the hyperboloid,
z = ++/1+ 22 + 92 is unique. Thus a general matrix looks like

Vita?+y? -2 y ] [ cos(f)  sin(f)

y 1+22+y2+o —sin(#) cos(6)
Now, we ¢ such that

g’y 0) o g(x,y,0) = glo(x,y,0;2",y'.0"))
S o S’ - s,

... I suppose this is doable with the Caley-Hamilton theorem as in problem 2.

Problem 2.2 Construct the inversion mapping for the parametrization of SL(2;R)
gwen in Fig 2.2. show that

' cos(260) —sin(20) 0 T
y/ = — Sln(29) COS(20) 0 Y
0’ 0 0 1 0



We want to find S” and O’ such that (SO)~! = S’0O’. We know from the next
problem that S’ can be found as

§'=/(S0)~1((sO)~1),

which is generally non-trivial to do. However, we can streamline this compu-
tation using the Caley-Hamilton theorem, that every square matrix satisfies its
characteristic equation. If M is a 2 X 2 matrix, then

M? — (tr M)M + (det M)Iy = 0,

since the characteristic equation of a 2 X 2 matrix can always be written in terms
of the trace and determinant. If M = A2, then

(trM)M = A+ Vdet AL
(trM)? = trA+2vVdetA.

In the present case our matrices are unimodular and we have easily that

A+ 1o
M=VA=—"2
V2+trA

which is remarkably simple.
In our case we have

-2z oy ] | cosf sinf
§= y ozt | R_[—sinﬁ cos@]’

with simple inverses (since they’re unimodular)

4 |rx=2z -y 1 | cosf —sinf
S = -y z+x | R [sin@ COSQ:|

Then the matrix we wish to compute the square root of is

A= 071571(071571)t —

4z(ycosfsind — xcos? §) + 2z(z +x) — 1 —22(2z cos @ sin ) + 2y cos? 0 — y)
—22(2z cos O sin 0 + 2y cos? 6 — y) —4z(ycosfsinf — xcos? 0) + 22(z —z) — 1

[ 22(ysin20 — xcos20) + 222 — 1 —2z(x sin 20 + y cos 26)

N —2z(xsin 20 + y cos 20) —2z(ysin20 — xcos20) + 222 -1 |~

Where we have omitted the necessary algebra (which Maple helped with a lot).
The trace is apparently 422 — 2, so that v/2 4+ tr = 2z, and our square root is

z— (xcos20 —ysin20) —(xsin26 + ycos20)
—(zsin20 + ycos20) z+ (xcos26 —ysin26) |’

and at this point a visual inspection is sufficient to show the transformation is
as advertised.



Problem 2.3 Convince yourself that every matriz M in the group SL(n;R)
can be written as the product of an n X n real symmetric unimodular matrix
S and an orthogonal matriz O € SO(n): M = SO. Devise an algorithm for
constructing these matrices. Show that S = VMM and O = S~*M. How do
you compute the square root of a matriz? Show that O is compact while S and
M are not compact.

From M we can form symmetric matrix A = M M?. It is indeed symmetric
since

Al = (MMY' = (MY)'M' = MM*' = A.
Moreover, A is positive definite. For z € C we have

zAz = zZ(MM")z

v
° W
=
[\v]

Now, since A is symmetric it is diagonalizable, that is, there exists a matrix
P such that D = P~'AP is diagonal. Moreover, since A is positive definite,
all the eigenvalues are positive, thus we can take form the square root of D by
taking the square root of the diagonal entries, which will all be real (and taken
to be positive). Thus we can take define the square root of A by

VA= PVDP,
indeed we have

VAVA = pPVDP'PVDP!
PVDVDP™!
= PDp!

A.

From the definition of A we can then write
M = AMH!
- (\/Z) (\/Z(Mt)_l)
= SO,

where S = /A is unimodular and symmetric, and we just need to verify that
O = VA(M")~' = S'M is special orthogonal. On the one hand we have

ot = (S7'm)
MtSTL,



while on the other we have

O—l (S(Mt)—l)—l

MtS—1,

and O is indeed orthogonal. Moreover, it’s determinant must be positive since
the determinants of both M and S are, and O is special.

We argue that SO(n) is compact in the following way. This group is the
group of rotation in R™, or invariance group of the sphere S”~!. Any group
element can be generated by a sequence of rotation about a number of axes,
each of which parametrized by a circle. Thus, SO(n) can be thought of as the
continuous image of a finite product of circles, which are compact, and thus is
compact itself.

Consider the subgroup of SL(n;R) of the form

M |0

oI}’
where M € SL(2,R) and I is the (n — 2) x (n — 2) identity matrix. Then since
SL(2;R) is unbounded, so to is SL(n;R). In particular, it fails to be compact.
Finally, since SO(n) is compact, the set off all S must be non-compact.

We note that this proof doesn’t apply to n = 1. Indeed such a matrix is
1 x 1 and thus equal to +1, and obviously compact (and boring).

Problem 2.4 Construct the most general linear transformation (z,y,z) —

)
(',y',2") that leaves invariant the quadratic form z? — x? — y? 1. Show

that this linear transformation can be expressed in the form

/

a
yl=| Ml
P a b | My

where the real symmetric matrices My and My satisfy

a 1+a? ab
Mf:IQ—F[b}[ab]:[ bt o] ana
Mj; = Li+]a b]{ﬂ[uauzﬂ

As in the previous problem we can construct the decomposition
M = SO0,

S real symmetric and O orthogonal. However, 0 may not have det 1, but in this
case it is of the form —O’, O’ having det 1, and we may put the negative with
M, thus we assume O € SO(3). However, O is not arbitrary because it must



preserve an indefinite quadratic form and hence metric! (when M = 0). That
is

—1I
¥3— 2% -2 = a:t_ 02 1_37
! ] i
2 2 2 - 0
55/3 o xll o 1'/2 _ 't _ 02 . | !
[ o
—I, 0
23 —a2% —22 = (Ax)! 02 ] (Ax)
o]
x123 - .’E% - .’E% = (‘rt)At 02 1 A(:E)a

and hence
—12 O _ t _IQ 0
Rt R It

o-[43].

where O3 is 2 x 2, we must have (since O' = O~ 1)
Oy |B1[ - 0] _ [-L 0][0:]|B
C |D 0 1 o 0 1 C |D
~0y|B] [ -0s|-B
-C | D o C D |’

and hence B and C are 0, D = D! = 1, and O2 € SO(2). So we have our
desired decomposition. It remains to show we can further decompose M as
shown.

To do this we force M to satisfy the same metric preserving condition with
O = 0 (the presence of non-zero O actually gives the same result since it drops
from the calculation, but excluding it from the beginning makes for a tidier
calculation). We will begin by writing M as indicated in block form. We get

Writing O in the form

0 0
L | 5| _ | M| -1, | M|y
001 | a b |My || OO0 |1 a b | M
_ M, Z —M, :Z
L a b MQ_ L a b MQ
_ —M12+Hhab} (NIQ—Mt){Z}
[N, — M) | MZ—a®—1?

1'We note that this is an extra condition on O. In the O(3,R) case O automatically preserves
the standard metric, and hence O(3,R) is the group leaving the standard metric invariant.



from which we read off the desired conditions from the main diagonal. With
those conditions satisfied, the off diagonal condition (there is only one since the
result is symmetric) is automatically satisfied.

Problem 2.5 Construct the group of linear transformations (SO(1,1)) that

leaves invariant the quantity (ct)?> — x?. Compare this with the group of linear

transformations (SO(2)) that leaves invariant the radius of the circle ¥ + y>.

We know that rotation matrices (SO(2)) leave invariant the standard metric,

that is
1 0] _ ,¢]1 0
PRI

and we wand our new matrices A to satisfy the same equation with the indefinite
metric. Now, we can write the new metric by a clever multiplication:

R R I E R

Now, if we substitute this expression for I; on both sides, and then isolate the
new metric on the left by multiplying both sides by the inverse (i — —i) of the
complex matrix, we find that our new matrix A is

s s
_ [ cost)  —isi 9<>]

—isin(f)  cos

0
(6)
cosh(b) sinh(b) }
| sinh(b) cosh(b)

where we have set 6 = ib.

Problem 2.6 Construct the group of linear transformations that leaves invari-
ant the quantity (ct)> — x? — y? — 22. This is the Lorentz group O(3,1). Four
disconnected manifolds parametrize this group. These contain the four different
group operations

£ 0 0 0
0 £1 0 O
0O 0 1 0}’
0 0 01

where the signs + are incoherent.

We begin as in 4, decomposing the matrix into the form SO, S symmetric and
unimodular, O € SO(4). Similar reasoning applies to the previous case and we
can write O in the form
1 0
o som |



Since this group is connected and conserves parity, it includes diag(1,1,1,1) and
not diag(1,—1,1,1), thus we have to analyze S.
With more inspiration from 4 we write S in the form

a | B

B | M |’
where M is 3 x 3 and B is a row vector. After doing the multiplications the
condition is

[1 0 }_[ a>* —B-B | Blals — M)
0] -1 | | [Blals— M) | B& B—M?* |’

written in terms of the inner and outer product. We have immediately that
a*=14+B-B >0,

so that, while a can take different signs, it cannot change signs continuously, so
we have our first two disconnected pieces.
The next condition is
M?=1;+B® B,

or in terms of determinant,
det(M)? = det(Is+ B® B)
= 14+B-B
> 0,

so, while det(M) can have either sign, it cannot change sign continuously, and
here is our other disconnected piece?.

Problem 2.7 The group of 2 x 2 complex matrices with det +1 is named

SL(2,C). Matrices in this group have the structure [ 3 s |, where a, 3, 7,

)
and § are complex numbers. Define the matriz X by
. |tz Ty |
X =H(x,y,z,ct) = vty cf—z =ctls + 0 - x,

where x = (z,y, 2) and 0 = (04,0y,0;) are the Pauli spin matrices.
1. Show that X is hermitian.

2. Show that the most general 2 X 2 hermitian matriz can be written in the
form used to construct X.

3. If g€ SL(2,C), show that g' Xg = X' = H(z',y', 2, ct').

4. How are the new space-time coordinates related to the original coordinates?

2We have used special case of the identity det(I + AB?) = det(1 + BtA)



. Find the subgroup of SL(2,C) that leaves t =t'.

. For any g € SL(2,C) write g = kh, where h € SU(2), h' = h™', has has
the form h = EXP(%0-0) and k € SL(2;C)/SU(2), k' = k, k has the form
k= EXP(%U -b). The three-vector b is called a boost vector. The three-
vectors 0 and b are real. Construct kT H(x,y, z, ct)k = H(z',y/, %', ct').

. Show that the usual Lorentz transformation law results.

. Applying k(b') after applying k(b) results in (a) k(b+b'), (b) two successive
Lorentz transformations. show that the velocity addition law for co-linear
boosts results.

. If b and b" are not co-linear, k(b'k(b) = k(bfbt”)h(f). Compute b”, 0.
The angle 0 is related to the Thomas precession.

. Since I and o; are hermitian, so is X.

. We can write an arbitrary hermitian matrix as

a 0 n 0 T+ 1y
0 b T —1y 0 ’
since the hermitian condition demands the diagonal entries be self-conjugate

(real), and the off-diagonal be complex conjugates. However, the pair (a, b)
and (ct+ z, ct — z) are linearly related, hence this is the most general form.

. Since (9" Xg)" = ¢' Xg, it is expressible in the form indicated.

. Linearly related by coefficients bi-linear in the the matrix elements and
their complex conjugates.

. This is equivalent to having gf(ctl, + o - 2)g = ctly + o - 2/, and thus
gtg = I, and g is unitary, g € SU(2).

. We need to compute

exp (;a . b) (Ctlz +o- x) exp (;O’ . b> ,

so we will start with exponentiation the matrix,

exp (;a . b) _ Z (Uk!-zbk)k.

One way to do this is expand the power series, collect terms, and hope
to recognize the expansions of known functions. As I’'m allergic to power
series, let’s find a better way. By the Caley-Hamilton theorem, any ma-
trix satisfies its characteristic equation, which for a 2x2 matrix is second




degree. Thus any equation involving M™ can by reduced until it only

involves the identity and M. Thus

exp(M) = folo + f1M,

where the f; are unknown functions. Next, a diagonal matrix is easy to
exponentiate, so let’s try to diagonalize M. Then we have

exp(M)
exp(SDS™!
Sexp(D)S~!

exp(D)

Jola + f1M
fola + 1M
Jola + f1M
fola + f1D,

where D = S~1M S is diagonal. So we can solve for the f; just by finding
the eigenvalues of M (we don’t even need the eigenvectors!). The trace
vanishes and the determinant is —|b/2|?, thus the eigenvalues are +|b/2|.

Thus we need to solve

16/2| 0 10 b/2 0
(60 e|b/2|):f0<0 1)+f1<|{) —|b/2|>’

which is the linear system

el = fo+1b/2|f1
e P2 = fy — b2l f1,
which has solution
fo = (el 471021y /9 = cosh |b/2]
o= (PP — el 21b /2 = sinh [b/2]/|b/2),

thus we have

1 ~
exp <20' . b) = I2 COSh |b/2| + (U : b) Sinh |b/2|’

where the hat denotes the unit vector b = b/|b|.

Going back to compute the action of this operator on either side of H, we

will first check its action on ctls:

~ 2
— (12 cosh [b/2| + (o - b) sinh \b/2|>

= ctly (cosh2 |b/2| + sinh? b/2]) + 2ct(o - b) sinh |b/2] cosh |b/2]

= ctlycosh |b| + ct(o - b)sinh [b],

since (o - b)% = 1.



The action on o - x is more complicated and we’ll take it term-by-term.
First, the cosh? term will simply give

cosh? [b/2|(c - z).
Next, the two cross-terms will give
sinth [b/2| cosh |b/2| ((o— - 2)(o - b) + (o b)(o - x))
sinh |b/2| cosh [b/2|2'V (010, + 0;04)
2sinh |b/2| cosh |b/2|x'b7 ;515
= sinh |b|(z - b)]a,

using the anti-commutation relations of the Pauli matrices. Finally, for
the sinh? term we get

sinh? [b/2|(0 - b) (o - x) (o - b)
= sinh? |b/2|(b'27 ") (00 0%
and to unravel the product of matrices will use twice the relation o,0p, =
6ab + ieabcac:
0050, = 0;(0k + i€jrs0s)
= 0k0; + i€jps(0i05)
= 6jk0i + iejk:s (618 + ieisro-r)
= 0jr0; + 1€k — €jksCsriOr
= 0k + i€k — (0jrOki — 05i0ky )00
= 5jk0'i + 5ji0'k — 5]%'0'3‘ + Z'Eijk.
Now, inserting this expression we get
sinh? |b/2|(b* 27 b%) (8,104 + 8i0k — Oricj + i€ijn.)
— sinh?[b/2| ((x-é)(o-é)+(x.6)(a-z§)—(8.6)(a-x)+¢13.(6xx))
sinh? [b/2](2(0 - b)(x - b) — o - ).

Thus, altogether this term becomes

cosh? [b/2|(o - ) + sinh? |b/2| (—(a c2) +2(0 - b)(x - 13)) + sinh [b](z - ) I

= o -x(cosh?|b/2| — sinh? |b/2|) + 2sinh? |b/2|(c - b)(z - b) + sinh |b|(z - b) I,
= o-x+ (cosh|b| — 1)(c - b)(x - b) + sinh |b|(z - b) I,

and the transformation is

In(ct cosh |b| + (2 - b) sinh |b]) + o - (x+8((x.5)(cosh Ib| — 1) + et sinh |b|)).

10



7. We can thus write the transformed ct, x as

ct ct cosh |b| + (- b) sinh |b]
{ x } x + l;((a: -b)(cosh |b| — 1) + ct sinh |b|)
B cosh |b] sinh |b|b? ct
~ | sinh|p|b Iy + (cosh|b| — 1)bt @b v |’

To make this expression the same as a Lorentz transformation we must
have cosh [b] = 7 and sinh |b| = 8 by comparing the ¢t and ¢tz matrix
elements. But, once these identifications are made, the zx matrix elements
are identical since b = B

8. If b and b’ are collinear then o - b and o - b’ are proportional and thus
commute. Thus

1 1 1 1
exp(z0-b) -exp(zo-b) =exp(zo - (V' +b)) =exp(z0-b").
2 2 2 2
With our identifications from the previous part of the problem we get

tanh(y”) = tanh(b +b)
tanh ' + tanh b
1+ tanhbtanh '’

from which the addition law is evident.

9. Is this possible in general?

Problem 2.8 The circumference of the unit circle is mapped into itself under
the transformation § — 0’ = 0+k+ f(6), where k is a real number, 0 < k < 2,
and f(0) is periodic, f(0 + 2m) = f(0). The mapping must be 1 : 1, so an
additional condition is imposed on f(6) : df /d0 > —1 everywhere. Does this set
of transformations form a group? What are the properties of this group?

We check the composition of two such transformations (which is automatically
a diffeomorphism since each transformation is). We have

g2og1(0) = g2(0+ k1 + f1(0))
= O+ ki + f1(0) + ko + f2(0 + k1 + f1(6))
= 9+(k‘1+k2)+f2(9+k’1+f1(9))7

and we need only check periodicity of fs, indeed

fo(0+2m+ k1 + f1(0+2m)) = fo(0+ 27+ ki + f1(0))
f2(0 + k1 + f1(6)),

and we’re done.

11



Problem 2.9 Rational fractional transformations (a, b, c,d) map points on the
real line (real projective line RP') to the real line as follows:

The transformations (a,b, ¢, d) and (Aa, Ab, Ac, \d) = A(a, b, c,d), A # 0 generate
identical mappings.

1. Compose two successive rational fractional transformations
(A’ B? C’ D) = (a/’ blcl? d/)(a7 b? C? d)?

and show that the composition is a rational fractional transformation.
Compute the values of A, B,C, D.

2. Show that the transformations (A,0,0,\) map x to itself.

3. construct the inverse transformation ' — x, and show that it is A(d, —b, ¢, a)
provided X\ # 0. Such transformations exist if D = ad — bc # 0.

4. Show that the transformation degeneracy x' = (a,b,c,d)x = A(a,b,c,d)z
can be lifted by requiring that he four parameters a,b, c,d describing these
transformations satisfy the constraint D = ad — bc = 1.

5. It is useful to introduce homogeneous coordinates (y,z) and define the real
projective coordinate x as the ratio of these homogeneous coordinates: x =
y/z. If the homogeneous coordinates transform linearly under SL(2,R)
then the real projective coordinates x transform under rational fractional
transformations:

/ !
DRCHIAEERTE

2 cly/z)+d  cx+d

6. Show that a rational fractional transformation can be constructed that
maps three distinct points x1,x2,x3 on the real line to the three standard
positions (0,1,00), and that this mapping is

(xz —z1)(z2 — 73)
(x —x3)(x2 — 22)

/
r— T =

What matriz in SL(2;R) describes this mapping?

7. Use this construction to show that there is a unique mapping of any
triple of distinct points (x1,x2,x3) to any other triple of distinct points
(w7, 75, 25).

12



. The composition is

azr+b
a (c:c—td) +0 _d(ax +b) 4+ b'(cx +d)
o (gi-stg) La  Clax4b)+d(cx+d)
_ (ad +Vc)x + (a’b+b'd)
 (ad +cd)z + (bd +dd')’

. We have
az+b_)\x+0_

ct+d 0+ A -

. Straightforward algebra gives solves for x it terms of x’ as

_b—da’

ct—a’

T

Which is unique up to an overall scale of A\. The books answer is given by
A = —1 from our expression. We note that we can write a transformation
as
ar+b b(%x+d)
cr+d  d(cx+d)

so that if ad = bc, the transformation is independent of x and obviously
not invertible.

)

. By adjusting A\ we have ad — bc — A?(ad — bc), and the constraint fixes
A = £1. So we apparently need a further constraint, say making a > 0.

. Is there a question here?

. We can write our conditions as

ary+b ars + b _arz3+b

= b - 7w_ b
cr1+d cxo +d crs+d

or as
ar1+b=0, axao +b=cxe+d, cxs+d=0,

which gives us a linear system with solution

Tr3 — T2
a= c, b=—x
Tl — T2 Tl — T2

T3 — T2

¢, d= —x3c, c € R.

If we choose ¢ = 1 — x5, we get

(3 — x2)x — 1 (25 — X2) _ (x3 —z2)(x — 21)
(w3 — w2)7 + 23(23 — 72) (w3 — @2)(x + 3)’

which agrees with up to A = —1. The appropriate matrix is then

)\.’bg - )\%2 A(L’l()\.’EQ - AZL’g)
Az1— Az2 Avs(A\zo — Azq) |7

13



where \ satisfies
1

(23 — x2)(w2 — 1) (22 — 21)

A=

7. To do this, we first map a triple to the standard positions, and then an
appropriate inverse transformation to map from the standard positions to
the new triple.

Problem 2.10 The real projective space RP™ is the space of all straight lines
through the origin in R"*1. The group SL(n+ 1;R) maps x = (z1,...,%n11) €
R to 2/ € R*H, with o' # 0 iff x # 0. A straight line through the origin
contains x # 0 and y # 0 iff y = Az for some A € R. The scale factor can
always be chosen so that y is in the unit sphere S™ in R"*1. In fact, two values

1/2
of X can be chosen \ = +£1/ (Z?ﬁl x; ) . In R3 the straight line containing

(z,y,2) can be represented by homogeneous coordinates (X,Y) = (z/z,y/z) if
z # 0. Straight lines through the origin of R? are mapped to straight lines in
R3 by x — 2’ = Mx, M € SL(3;R). Show that the homogeneous coordinates
representing the two lines containing v and x’ are related by the linear fractional

transformation
mi1 M2 X
X1 X1 m21  Mag Y
Y Y| T X :
[ mgp M3z } y | T mss

Generalize for linear fractional transformations RP™ — RP™.

Because of the different rdles of z,y and z, we will write M € SL(R,R) as block
diagonal form, so that the transformation becomes

x, [ A|B x
v | = || |
z - z
Al” w + Bz
ct|” J + Dz
L L Y
and we can simply find the fractional transformation by dividing through by z:
{m’/z’} - A[ ]—i—Bz
/ !/ -
v/ [ ] + Dz
x/z
A
_ [ y/z }
o5+
y/z

14



The generalization is automatic in this block-diagonal form, by replacing (z,y) —
(x1,...,2p) and 2 — Tp1q.

Z+x Y
[ N
consists of the algebraic submanifold in the Minkowski 2+ 1 dimensional space-
time with metric (+1,—1,—1)

Problem 2.11 The hyperbolic two-space SL(2;R)/SO(2) ~

22— (2 +y?) =1
This submanifold inherits the metric
ds* = dz* — (dz?* + dy?).
1. Show that

—ds?

2
dr’ +dy? — (dy/T+ 27+ 72)

B 1 1+9y* —ay dx
N 1+x2+y2<dxdy>[ —yr 1422 dy )-°

2. Introduce polar coordinates x = rcos(d), y = rsin(¢), and show

2

dr
—ds? = T2 + (rde¢)>.

3. Show that the volume element on this surface is

rdr d¢

Va+r?

4. Repeat this calculation for SO(3)/SO(2). This space is a sphere S* C R3:
the algebraic manifold in R? that satisfies 2% + (2> +y?) = 1 and inherits
the metric ds® = dz* + (dx? + dy?) from this Euclidean space. Show that
the metric and measure on S% are obtained from the results above for H>
by the substitutions 1 + 2 — 1 — r2. Show that the disk 0 < r < 1,
0 < ¢ < 2w maps onto the upper hemisphere of the sphere, with r = 0
mapping to the north pole and r = 1 mapping to the equator. Show that
the geodesic length from the north pole to the equator along the longitude
¢ =0iss = fol dr/v1 =12 = /2 and the volume of the hemisphere

surface is V = [12) [725 vol = [ rdr/v/T— 72 [77 dp = 2.

vol =

1. The first equality is simply from the condition 22 — (2% +y?) = 1. To write
the second we take the derivative of the constraint:

2zdz = 2xdx + 2ydy

15



so that
—ds® = da®+ dy? — d2?
dz? + dy? — (xzdx + ydy)?/2?
272 (1+ 2?2+ y?)(da? + dy?) — (22dx + yPdy + 2y do dy))
= 272 ((1+ yH)dz? — 2wy dedy + (1 + xQ)dyQ)

1 1+y% —ay dx
1+x2+y2(dxdy){ —zy 1+ 22 dy |-

2. We note that we can relate the differentials by

dr | | cos¢ —rsing dr
dy | | sing rcosg do |’

so that the new matrix is

cos ¢ sin ¢ ] [ 14+y? —ay } |:COS¢ —rsinqb}

| —7rsing rcos¢ —xy 142 sing rcoso

cos ¢ sin ¢ 1+72sin®¢ —r?singcos¢ cos¢ —rsing
| —rsing rcos¢ —r?singpcosd 1 +1r2cos? o sing rcosg

_ 1 0
I RO I

1 0 dr
7d$2 — 14_77‘2((,17” d(,b) |: 0 7'2(1+’I"2) :| ( d¢ >

3. In general the volume form is given by

vol = /|gldx* A ... Adx™,

where |g| is the determinant of the metric. The determinant of the polar
metric is simply r2/(1 + r2), so that

rdr A do

vol = ——.
V1472

4. Similarly to before we have
ds* = dx® +dy* +dz?
= do® +dy? + (zdx + ydy)? /2>
= 2721 —2® —y?)(da® + dy?) + (¢Pda + yPdy + xy du dy))
= 22 ((1+y*)da® + 2zydedy + (1 + 2%)dy?)

1+y?  wy dx
1— 22— y2 (dﬂ]‘ dy) Y 1+ $2 dy .
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We note that we can relate the differentials by

cos¢ —rsing | [ dr }

e

so that the new matrix is
cos ¢ sin ¢
| —rsing rcos¢

_ [ cos¢ sin ¢ ][

| —Tsing rcos¢

sing rcos¢ |

1—y zy | [ coso
sin ¢

de

—rsin ¢ }

7 COS P

1—r2sin®¢ r2singcoso
r?singcos¢ 1 —r2cos?o

1 0
10 r2(r?2 —1) |’
and so
1 1 0
2 _
ds” = 1r2(drd¢){0 r?(r? — 1)
dr? 9
- ﬁ‘i‘(fd(b) .

Similarly for the volume element we have

vol =

The appropriate map is

(xvy) = (!E,y, V 1—a? _y2)7

which in polar is

(r,¢)

rdr A do
V=2’

— (T7¢a \% 1- 7’2)7

I

dr
do

|

)

cos @
sin ¢

—rsin¢
7 COS @

so that (0,¢) — (0,¢,1) and (1,¢) — (1,¢,0). We want to consider the

geodesic along ¢ = 0, so that

L =

[ s

/1 dr
0o VI—12
™2 d(sin 0)

0 V1 —sin?6

w/2
/ do
0

/2.
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The volume of the hemisphere is the volume of the volume form in these

local coordinates
/ /1 /2” rdr A do
vol _—
o Jo V1—1r2
w/2 27
/ sin 0d60 do
0 o

= 2.
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