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Problem 4.1 Consider a commutative diagram of vector spaces and linear
maps with exact rows

d @2 a3 d
A — 2 gy A A A LA
fi fa f3 fa fs
d a2 43 d
B—2 4+ 2,2, 2 ,B

Suppose that fo and f4 are injective and fi1 surjective. Show that f3 is injec-
tive. Similarly show that if fo and f4 are surjective and fy injective that fs is
surjective. Thus when f1, fa, fa, and fs are isomorphisms, so is f3.

We will show injectivity by showing that f3 has trivial kernel. Let ag €
ker(fs) so that fz(ag) = 0. We have d%(0) = 0, so that d%(fs(as)) = 0 =
f1(d%(a3)). fa is injective so we have d3(a3) = 0 and ag € Kerd?, = Imd?.
Thus there exists an as € Ay such that d?(az) = as.

Now we have f3(as) = f3(d4(az2)) = 0 = d%(f2(az)) so that fa(az) = be €
Kerd% = Imdy. Thus there exists a by € By with dy(b1) = be. Surjectivity of
f1 thus gives an a; € Ay with fi(a1) = by and dh(fi(a1)) = by = fa(dY(ar)).
Thus we have fa(dY(a1)) = f2(a2), but fa is injective so we have dYy(a1) = as.
Thus a3 = d?4(dY(a1)) = 0.

Next we prove surjectivity. Let b3 € Bs. Then d%(bs) = by € By and
d%(bs) = 0. fy is surjective so there exists an ay € Ay with f4(as) = by and we
have f5(d2(as)) = dj(fa(as)) = 0. But f5 is injective so we have d% (as) = 0
and thus a4 € Kerd} = Imd?. This gives an ag € Az with ay = d°(a3) and
fa(d(a3)) = d(f3(as)) = ba.

Next, let fs(as) = by € Bs. Then we have dg(by) = d%(bs) = by, or
d%, (b —b3) = 0. Thus by —bs € Kerdy = Imd%. So, there exists a by € By with
d%(by) = by — bs. fo is surjective so there exists an ay € Ap with fa(ag) = ba.
Then we have d%(fa2(az2)) = b — bg = f3(d%(az)). Thus we have

by = b — f3(di(az))



= fa(as) — f3(d%(az))
= falag — d(az)),

which proves surjectivity.
Problem 4.2 Consider the following commutative diagram

0

Ay

AQ%Az;%O

fi fa I3

0—— B ——— > By,———» B;————

where the rows are exact. Show that there exists an exact sequence

0 —- Kerfy — Kerfs — Kerf; —
— Cokf; — Cokfy — Cokfs — 0.

We can extend the columns by adding zeros before after, yielding the se-

quences

C*:0—>A1£>Bl—>0

D 0— A4, 2B, -0

E*ZO—>A3§>B3—>0.
since fior = f1(0) = 0 and 0o f; = 0 these sequences are actually chain
complexes, from which we wish to define the short sequence

0—C* %DM Er o,

where the chain maps g and h are the maps between columns of the original
diagram. This sequence is then exact since each row of the original diagram is
exact. Thus we can form the long exact cohomology sequence

0 — HYCY) L HDY) M omoEr) &
~ HY(c) L HY DY) B om@Eny Lo

Now we have

HO(C™) Ker fi
H°(D*) = Kerf,
HO(E*) = Kerf37



and likewise

HY(C*) = Bi/Imf; =Cokfy
H'(C*) = By/Im fo = Cok fo
H'(C*) = Bs/Im f3 = Cok f3,

which establishes the result.

Problem 4.3 In the commutative diagram
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the horizontal (A*?) and the vertical (AP*) are chain complexes where AP7 =0

if either p < 0 or q < 0. Suppose that

HP(A*%) =0 for ¢ # 0 and all p.
HI(AP*) =0 forp#0andallgq.

Construct isomorphisms HP(A*°) — HP(A%*) for all p.

If we denote by d;fn the map from A%/ to A", then commutativity of the
diagram gives di} o dJ} = di{ o d¥). So these two maps have equal kernels
but, since the second map of each composition is injective (H® of the first row
and column are zero), the kernels of the first maps are isomorphic, and thus

HO(AO’*) — HO(A*’O).
This is far as I've been able to get.
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Problem 4.4 Let 0 — A° & A %4 . %0 An 5 0 be a chain complex and

assume that dim A’ < oco. The Euler characteristic is defined by

n

X(A*) = (~1)"dim A",

i=0
Show that x(A*) =0 if A* is exact. Show that the sequence
0 H'(A*) — A /Tmd* & Tmd’ — 0
is exact and conclude that
dim A* — dimImd'~! = dim H*(A*) + dimImd".
Show that .

X(A*) = (~1)" dim H'(A*).

=0

That x(A*) = 0 when A* is exact was proved in class - the alternating sum
of dimensions of spaces in an exact sequence is zero (provided they are all finite).
Next we need to show that the sequence

Ker d* . Al
Im di—1 Imdi-1

0— d—i>Imdi—>0,

is exact. We have Kerd® C A’ so that the corresponding quotients are subsets
and we can include the former in the latter. The inclusion is injective so the
first map is exact.

Next, let [z] € A*/Imd'~!. We want to define d*([z]) = d’(z). But we have

@) = d'(y+ () = d'(y) + d'(dH)(2) = di(y),

so that the map does not depend on representative. So, let 2 € Imd’, then
x = d'(y) for some y € A*. But then

so that the map d' is surjective.
Finally we need to show exactness in the middle. Suppose [z] € Im f.
Imdi~! C Kerd® so that € Kerd’. Then
d'([z]) = d'(z) =0,

so that [z] € Kerd’. Conversely, suppose [z] € Kerd’. Then 0 = d*([z]) = d'(z),
so that x € Kerd'. But then

[z] € Kerd'/Imd"~" =Tm f.



Thus the sequence is exact.
Since the sequence above is short exact, we have immediately that

dim(H*(A*)) + dim(Imd’) = dim(A*/Imd"™!)
= dim(4’) — dim(Imd"™").

Thus we can write

as

S (1) (dim(H(A%) + dim(Imd?) + dim(m d))

=0
= > (=D dim(H'(4")) + Y (~1)' dim(Im d’) + Z(—l)i dim(Im d'~1).
1=0 =0 1=0

But, we can write the last sum as

n
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where the last line follows since dim(Im d™) = 0. Thus the final two sums above
cancel and we are left with

D (—1)'dim(AT) = (~1)" dim(H'(A")).
i=0 i=0
Problem 4.5 Associate to two composable linear maps
f:V1_>‘/27 g:‘/v2_>V37

an exact sequence

0 - Kerf — Ker(gof) — Kerg —
— Cokf — Cok(gof) — Cokg — 0.



More explicitly, we wish to construct the exact sequence

0 - Ke(f) < Kel(gof) L Ker(g) o

— V/im(f) L Va/tm(gof) = Vi/Im(g) — O,

where the first map is the inclusion which is injective. We note that for z €
Ker (f) that (g o f)(z) = g(f(x)) = g(0) = 0 so that z € Ker(g o f) and
the inclusion is defined. f’ is the restriction of f to the indicated domain. If
x € Ker (go f) then f(x) is in Ker (g) so the map is well defined. ¢’ is the map
given by ¢'([z]) = g(x), which is well defined since

[9(x)] = [9(y + (2)] = [9(y) + 9(f(2))] = [9(v)].

The map m; is the map sending x to its equivalence class in the quotient
Ker (g)/Im (f'). This map is well defined since for = € Ker (g o f) we have

0=(gof)(x) =g(f(2)) =g(f'(2)),

so that f/(z) € Ker (g), that is, Im (f") C Ker (g). Finally, since Im (g o f) C
Im (g) we have V3/Im (g) C Va/Im (go f) and 73 is projection onto this subspace,
which is surjective. It remains to prove exactness at the middle four steps.
First, since Ker (f) C Ker (g o f), Ker (f') = Ker (f) so Im¢ = Ker (f).
Next, if m(z) = 0 then x € Im(f’) since [0] = Im(f’). Conversely, if
x € Im f then m (z) = [z], where [2] = z + Im (f) = Im (f) so that [z] = 0.
Next, let © € Ker (g), then ¢'(m1(z)) = ¢'([z]) = g(z) = 0, so [z] € Ker (¢').
Conversely, if [z] € Ker (¢') then 0 = ¢'([z]) = g(z), so € Ker(g), but then
[] € Im (7).
Finally, let [x] € Ker (12). Then x € Im (g), that is, z = g(y) for some y.
But then [¢'[y]] = [9(y)] = [z], so that [z] € Im (¢’). Conversely, if [z] € Im (¢’)
then z € Im (g) and w2 ([z]) = 0.



