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Problem 1.1 Perform the calculations of Fxample 1.7.

Let S = {(xl,xg,xg) ER3: a2 +ad=1,23= 0} be the unit circle in the
(71, x2)-plane, let U = R3 — S, and consider the function f : U — R given by

fi(x1,z0,23) — (

—2x113 —2T9T3 TF + T3 — 1)
& & £ 7

where £ = 22 + (23 + 23 — 1)2. First we compute the derivative of ¢:

E = 4x1(x% + x% —-1)
06 = 4x2(x% + x% -1)
(93§ = 2],‘3.

Now the components of the curl as evaluated as
(curl f)1 = 0Oafs —03f2
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(curl f)g = 83f1 — 81f3
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—421€ + 4123 + 4oy (23 + 2% — 1)2

e
4x
= ettt el tad - 1))
=0
(curlf)s = Ofao—fi
= 2x2x3 € — 2xéx3 02€
2
- %(fEQalg — 210:8)
- %lexz(ﬁ + 23 — 1) — dzyao(2f + 23 — 1))
=0

Thus we have curl f = 0. So f € ker(curl) and [f] € HY(U). We will
show, hwoever, that [f] # 0 by showing that there is no function F' such that
f=grad F.

Suppose such an F' existed and consider the integral of < F(v(t)) where the
curve v is given by

~y(t) = (\/1 —|—cost,0,sint) , —m<t<m.

First we have

s d T—€ d
—F(v(t)dt = i —F(~(t))dt
| greoa = m [ Lrew)
— lim F(y(t)|
e—0 —m+e€

= O,

where the limit was taken since the curve is not differentiable at its endpoints.
One the other hand we have

Tremn = aF6mm©
= filv()(t)
Now, we have
. —sint
) = 2T T oost
Yo(t) = 0
Y3(t) = cost,

and £(y(t)) = sin® ¢ + (1 4 cost — 1)2 = 1. so that
f(y(t)) = (=2sinty/1 + cost, 0, cost),



and finally
Fi(y()i(t) = sin?t + 0 + cos® t =1,

for all ¢, which yields a value of 27 for the integral over v which gives a contra-
diction. Thus F' cannot exist.

Problem 1.2 Let W be the open set given by
W = {(z1,22,23) € R : either z3 #0or 2] + 23 < 1}.

Prove the existance and uniqueness of a function F € C*°(W,R) such that
grad (F) is the vector field considered in Example 1.7 and F(0) = 0. Find a
simple expression for F valid when x% + 23 < 1.

Existance: It suffices to show that W is star-shaped about the origin, since
then the existance will follow from Theorem 1.6.

Let x € W, s = (s1,52,53), and suppose that s3 = 0. then s is contained
in the unit circle in the (z1, z2)-plane which is star-shaped. Now suppose that
s3 # 0 and let p be a point on the line joining s to the origin. If p3 = 0, then
p =20 and p € W, while if p3 # 0 then p € W. Thus W is star-shaped.

Now we have some F' which satisfies grad (F') = f. Consider a new function
I’ defined by

F'(x) = F(x) — F(0).

Then F'(0) = 0 and grad (F’) = grad (F)) — 0 = f and thus satisfies the given
condition.

Uniqueness: Suppose F; and Fb both satisfy the given criteria, then we
have grad (F; — F») = 0, so that the function F; — F» is constant on W (since
W is connected). Moreover, F;(0) — F»(0) = 0 so that Fy(x) = Fy(z) for all
x € W, so that the solution is unique.

Finally, we give an expression for F' when x? + 23 < 1. First, set 23 = 0,

then we have
1

= (0,0, 5—5—),
1= (00 =)
that is, 91 F = 0o F = 0 whenever x3 = 0. Thus we have

F(:El,wg,()) = F(0,0,0) = O,

for 22 + 23 < 1.
Now we have

1
P, 2, 5) = / Fiv ()i (t)dt,

for any curve y(¢) that connects the origin to (x1,x2,x3). Due to the above we
can take our curve as the straight line from the origin to the point (x1,x2,0),
which doesn’t contribute to the integral, and then as the line from there to the
final point, which will be the curve

’Y(t) = (xl’ {EQ,t:E3),



so that our integral becomes

1
F(xy,29,23) = /f3($1,x2,t$3)$3dt
0

T /1 x%—l—x%—l dt
P Jo (tws)? + (23 +a3 — 1)

_ ﬁ/l dt
a fy (trs/a)2+ 1’

where we have set @ = 22 + 23 — 1. Now if we make the substitution y =
trz/(z% + 23 — 1) we obtain

.7)3/()( d
Y

F(xi, 290, =
(21,22, 73) /O .

r3/a

= arctan(y)

t s

= arctan | ——— | .
z?+ a3 -1

Problem 2.1 Prove the formula in Remark 2.10.

In the ’older’ formula we sum over all permutations ¢ € S(p + ¢) of the
vectors, not just the ordered ones. Let o be such a permutation, then there are

p+aq) +
(0+q) = ’ )!q!p!q!=<ppq )p!q!,

arrangements, corresponding to permuting the first p objects among themselves,
then the last ¢ among themselves, and then shuffling the first p with the last
q. We will write o using this decomposition: ¢ = 7o m, o my, where 7 € S(p, q)
is a (p, q)-shuffle, m, € S(p, @) is a permutation among the first p objects, m, €
S(p,q) is a permutation among the remaining p. The our formula becomes

1
e Z Z Z sgn(0)w1(€o(1) - - - Eo(p) W2 (Eo(pr1) - - - Eo(n))s
T 7Tp 7Tq
where we have
sgn(o) = sgn(r o mp 0 mg) = sgn(7) - sgu(my) - sgn(mg).

Likewise, we have (since m, leave the first p unchanged, m, leave the last ¢
unchanged, and therefore they commute)

w1 (fo’(l) s ga(p)) = w1 (f‘rowpowq(l) s g‘rowpowq(p))
wl(gTowpU)~"£Toprﬂ)
= Sgn(ﬂ-p) s Wi (57'(1) cee 57'([)))7



and

w2(o(pr1) - &om)) = w2l&rompory(pt1) - - - Eromporg(n))

w2 (Eromgomy(p41) « - - Eromgomp(n))

= w2&romy(pt1) - - - Eromy(n))
sgn(my) - w2 (&r(pt1) - Ern))-

This leave us with

1
il Z Z Z sgn(T)w1(&r1) - - - &rp))w2 (Er 1) - - Er(m));

T Tp Tq

since sgn? = 1 for any permutation. The sums over 7, and pi, just give p! and
q! respectively, which cancel the factorials already present and thus establishes
the result.

Problem 2.2 Find an w € Q?R* such that w Aw # 0.

More generally, let V' be a 2n-dimensional vector space and « a 2—form
defined by the skew-symmetric 2n x 2n-matrix a;;

o= aijei N ej,
in the orthonormal basis {e’},where it is understood that the sum is for i < j.
First we verify that « is indeed a 2—form.
a(z,z) = (e’ ANed)(z e, 2%es)
aija:rxsei Ael(er,es)
aijx"zt (0107 — §L67)
aijxixj — aijxixj

0.

Now we define a 2n-form ( by
B=aA...\a.
—
n times
Using our basis, we have
B = (ai e Ae)A LA (a, e Aelm)
= iy -, (€AY A LA (e Aem).
Now, there are only 2n basis elements, so a term in the sum will vanish unless
the basis elements form a permutation of all {1,...,2n}. Moreover, we can

swap products of pairs of basis elements without changing its value since this is
always an even permutation, thus we can write

B=nlaij, .. a;j (" A ) A A (e Aein),



where we now have i; < i whenever [ < k, that is, the sum is over all unordered
pairs of basis elements. Since there were n pairs of basis elements, there are
now n! permutations of them, each contributing the same to the sum.

Now, we still have i; < i, so our sum is over all unordered partitions of the
integers {1,...,2n} into pairs. We now rewrite our sum as

8 =n! (ngn(o) C @iy gy ---ainjn> el AL AR,
g

where ¢ is a permutation that gives the desired partition, and we sum over only
partitions. We can rewrite the sum this way since any such permutation of the
basis elements changes the term by exactly sgn(o).

But, we notice that

ZSgD(O’) C Qi gy e Gy, = pf(A),

the Pfaffian of A, and for a 2n x 2n skew-symmetric matrix we have
pf2(A) = det(A).

Thus we see that 8 = 0 iff det(A) = 0. (We note that this holds as long as A
has an even number of rows, as it does here. For an odd number of rows, the
determinant is always zero.)

For the problem at hand it suffices to pick any 4 x4 matrix with non-vanishing
determinant, such as

0 1 0 0
-1 0 1 0
o -1 0 1|’
0 0 -1 0

which has determinant 1.
Problem 2.3 Show that there exist isomorphisms
iR = QIR?, j:R® — Q*R3,

given by
Z(’U)(U}) = <va7 >a j(v)(wl,wg) = det(v, wlva)a

where (,) is the usual inner product. Show that for vi,vs € R3, we have
i(v1) Ni(ve) = j(v1 X v2).
Define the map i : R? — Q'R? between vector spaces by

i(v)(w) = (v, w).



Then we have

i(au+ pv)(w) = (au+ fv,w)
= ofu, w) + v, w)
= ai(u)(w) + Bi(v)(w),
which shows that ¢ is a linear map.
Now, let u € Q'R?, {ey, e,e3} an orthonormal basis for R and {e, e?, €3}
the dual basis. Then we have
u(w) = uiei(wjej)

uwle’(e;)

= wuw’ 5;
= U/LUl
= <u7 ’LU>,
which shows that ¢ is surjective. But the vector spaces have the same dimension,

so we conlude that ¢ is injective and thus an isomorphism.
Now we define the map j : R? — Q2R3 by

j(v)(wr,wa) = det(v, wr, w2).
Then we have

Jjlau+ Bv)(wy,we) = det(au+ Bv,wr,ws)

= det(au,wr,ws) + det(Bv, wy, wa)
adet(u, wy, ws) + B det(v, wy, ws)
= aj(u)(wr, w2) + Bj(v)(wr, w2),

which shows that j is linear.
Let u € Q?R?, then we can write

u = Z ug(l)’g(g)ea(l) Ae??),
c€S(2,1)

The action of the dual basis on the basis of R? is given by
(e® A eb)(ei, ej) = 5?5? — 5?5?
— 6abk €ijks

where €;;;, is the Levi-civita symbol. So we have

U(:E, y) = Z ua(l),a(Q)xiyjea(l) A 60(2) (eiv ej)
oe8(2,1)

= ) Ue()e@@y DTy
c€S8(2,1)



So, let us define

ut = Z UU(1)7U(2)60(1)0(2)I€,
c€S(2,1)

which is a triple of numbers, so a vector in R3. In particular, we get u' = uo3,

u? = w13, and us = u12. Now we have

u(z,y) = ijukffiyj
= €kijukxiyj
= det (u) x’ y)7
and our mapping is surjective. Again, since the dimensions are the same, j is

automatically injective and hence an isomorphism.
Next, consider i(v1) A i(v2), which is given by

_ i(v1)(w1) i(v1)(wa)

i(vy) Ni(v2)(wr,wz) = det i(vg)(wy)  i(vg)(wa)

= (v, w1) - (v2,w2) — (v1,w2) - {v2, Ww1).
On the other hand consider j(v1 X v2), which is given by
Jjlvr X va)(wr,wa) = det(vy X vo,wr,ws)
= en(vr X v2) wlwh
ijk€lpviviw]wh
= (5aj5bk — 5ak65j)vi’vgw{w§
(viwf) - (vywy) — (viws) - (vyw?)

<’U1,w1> . <’U2,’LU2> — <U1,’LU2> . <’U2,w1>.

Comparing these expressinos establishes the result.

Problem 2.4 Let V be a finite-dimensional vector space over R with inner
product {,), and let

iV —-V=04V),
be the linear map given by

i(w)(w) = (v, w).

Show that if {e1,...,ex} is an an orthonormal basis of V, then
i(ey) = €*,
where {e',... e"} is the dual basis.

Let ¢ : V — V* be given by i(v)(w) = (v, w). The dual basis is defined by
the relations e’(e;) = 6%, We have

ier)(wie;) = (w,er) = wh.

So i(ey) is the functional that picks out the k-th component of a vecotr, that is,
the functional e*:

ef(wie;) = wieF(e;) = wioF = w”.



Problem 2.5 With the assumptions of the previous problem, show the existance
of an inner product on QP (V') sich that

(Wi A Awp, i AL AT = det((ws, 7)),
whenever w;, 7; € QY (V), and
(w, tau) = (i~ H(w),i~(1)).
Let {e1,...,en} be an orthonormal basis for V, and let 37 =i(e;). Show that

{B"(l) A ABTWP g€ S(p,n—p)} ,
is an orthonormal basis of QP (V).
We define the map (,) : QP(V) x Q?(V) — R by
(W, T) = (wee?,1re™)
= w(r7—7r<6”; eﬂ—>a
where o and 7 stand for all the p-tuples of indices that are (p, m — p-shuffles,
and the inner product on basis elements is defined as in the statement of the
problem. The inner product on the basis elements is well-defined because i is
an isomorphism and the Euclidean inner product is well-defined.
Exchanging the factors makes the exchange (e?,e™) — (e™,e?), but leaves
the matrix (e?,e’) invariant because the Euclidean inner product is symmetric.
Next we have
(aw + Bp,7) = ((aws + Bpo)e’, Tre™)
= (aws + Bpo)Tr(e”,€"),
and the properties of an inner product are satisfied.

The elements form a basis by Theorem 2.15. Orthonormality follows from
the previous exercise.

Problem 2.6 Suppose w € QP (V). Let vy,...,v, be vectors in V and let A =
(aij) be a p x p matriz. Show that for w; = a;;w; we have

w(wi, ..., wp) =det(A)w(ve,...,vp).

We have
w(wr, ..., wp) = Z w(,(l)mg(p)e”(l) A AP (wy, L wy),
oceS(p,n—p)
where

"Wy - e"(l)wp

DA AP (wy, .. wy) = det : :
e Py, .. e"(p)wp

= det ,

eg(p)aljvj e eg(p)a,pjvj




since w; = a;;v;. Now consider the matrix IV given by N;; = e”(i)vj. Then the
matrix ‘
M;; = Nirarj = " Dvpar;,

is exactly the matrix in the above equation. Since the determinant of a product
is the product of the determinants, the formula is established.

Problem 2.7 Show for f:V — W that
QPF(f) (w1 Awz) = QP (f)(wi) A Q(f)(w2),
where wy € QP(W) and wy € QUW).

On the one hand for QP(f)(w1) A QI(f)(w2) (&1, - -+, Eptq)
Z Qp wl go(l)a sy fa(p)) : Qq(f)(WZ)(fa(p—i-l)v s 750(;0—}-(1))

Zwl 60(1 f(fa(p))) : wQ(f(ga(erl))v R f(ga(erq)))a

while on the other hand QP1(f) (w1 Awa)(&1,. .., Eptq) IS

(W1 Aw2)(f(&1)s-- -5 f(Ep+q))
Z wl ga(l) cey f(fd(p))) ! W?(f(fa(p—i—l))v ceey f(fd(p—i-q)))v

which proves the formula.
Problem 2.8 Show that the set
{f €End(V):3g€ GL(V) : gfg s diagonal} ,

is everywhere dense in End(V'), assuming V is a finite-dimensional complex
vector space.

Such an f is represented by an n x n complex matrix once a basis is chosen
for V, and we will denote this matrix representation by f as well. If f has
n distinct eigenvalues then it is obviously diagonalizable, so we will show that
there exists complex matrices with distinct eigenvalues arbitrarily close to every
given matrix f. We will consider these matrices as points in c ~ ]R4"2, and
use the standard topology in Euclidean space.

Given an f, denote its characteristic polynomial by

Pr(\) = det(f — M) = a, + a; \',

where I is the unit matrix and 7 € (1,...,n). Next we will define, for a given f
and characteristic polynomial P¢()), a functlon F :C"! x C — C defined by

F (20,20, A) = 20+ ao + (2 + a;) X',

10



which is polynomial and therefore smooth (analytic).
The partial map

Fy:(20,---y2n) — 20 + ziX\i + Pr(N),
has a (complex) differential given by
DFy = (1,\',...,\"),

so that o
DF) - DF] = L+ NN >1,

so that the differential is surjective and thus F' intersects every submanifold of C
transversely, in particular {0}. Thus, by the transversality theorem, for almost
every (20,...,2,) € C"1 the map F, : X\ — 29+ agp + (a; + z;) A" intersects {0}
transversely.

Now, by the fundamental theorem of algebra this polynomial must take the
value 0, so that the perturbed characteristic polynomial has distinct root (ie,
if the roots were not distinct, the map would intersect {0} tangentially rather
than transversely). Since this holds for almost all (zo, ..., 2), we can choose
such a point within any J-ball about the origin. Thus, this polynomial can be
made arbitrarily close to our original one and our result will follow if a nearby
polynomial is associated with a nearby matrix, which we show next.

We note that the maps ¢y, : fi; — bi, which give the coefficients of the char-
acteristic polynomial from the matrix are analytic maps (they are polynomial
themselves). Each of these function will possess a smooth local inverse whenever
the image point is regular, but almost every such point is regular by Sard. Since
there are only finitely many functions, almost every (n + 1)-tuple (bo, ..., by) is
regular for {po,...,pn}

Now, almost every z € C™*! will satisfy both conditions above, ie, be reg-
ular for the maps ¢y and give distinct zeros for the perturbed characteristic
polynomial. Thus, for every e-ball about f we can find a corresponding §-ball
about the origin in C™*! that contains a point z such that the characteristic
polynomial

zo + ag + (ai + Zi))\i,

has n distinct roots and is the characteristic polynomial of some matrix in V,
which establishes the result. We note that it is essential to consider complex
matrices since the proof depends on the fundamental theorem of algebra, which
doesn’t gaurantee roots over R.

Problem 2.9 Let V be an n-dimensional vector space with inner product {,).
From Ezercise 2.5 we obtain an inner product on QP (V') for all p, in particular
for p=n.

A volume element on 'V is an unit vector vol € Q™(V'). Hodge’s star operator

x: QP(V) — Q"7P(V),

11



is defined by the equation (xw,T)vol = w AT for all T € QP(V'). Show that * is
well-defined and linear.

Let {e1...en} be a basis of V with vol(ey,...,e,) = 1 and {e'...e"} the
dual basis. Show that

x(e' A ANeP)=ePTEA L Aem,
and in general that
#(e DAL A7) = sgn(o)e” P A LA 7™
with o € S(p,n — p). Show that * o x = (—1)P("=P) on QP (V).

Suppose that u; and ue are two forms that satisfy the above equation for
every 7, then we have

0 = (ug,7yvol — (ug,7)vol = ({uy,7) — (uz,7))vol
= ({(u1 — ue, 7)vol,

which shows that w1 = us, so that the map is well-defined. For linearity we
have

(#(w+m),T)vol = (wH+m) AT
WAT+TAT

(*w, Tyvol + (xm, T)vol

from linearity of the wedge product.
Next, suppose that we have

(e A Ae”®)) T)vol = ("D AL AP AT
Using linearity we will let 7 be a basis element
T=€eTA...Nelnr,
Thus the right hand side of our formula yields
DN AP NN LA,
which is zero unless 7 is a permutation of the remaining basis vectors:
T=e" PO A A 7™,
Thus we have
(M A A7 P 7P A A 7 (Mol = sgn(a)vol,

which yields (e A ... Ae?®)) = sgn(a) - @) AL A7),

12



Now we wish to evaluate x o * : QP(V) — QP(V). By the linearity of * it
suffices to consider its action on basis elements. We have

w: e DA AP s sgn(o)e” @D A LA™,
and likewise
w:e™ WAL AP gon(m) e TPED AL A ™),
where the permutations are related by

(w(1),...,7(n—p),r(n—p+1),....,7(n)) = (c(p+1),...,0(n),c(1),...,0(p)),

that is, 7 is a cyclic (cyc) permutation of o, thus sgn(w) = sgn(o) - sgn(cyc).
Since we go from o to m by moving the last p elements across the first n — p
there are p(n — p) interchanges, which is the sign of cyc, thus we have

w: DA AP sgn(eye) - e TPTD AL A ™)
= (=1)P oM A AP

which establishes the formula.

Problem 2.10 Let V be a 4-dimensional vector space and {e*, ..., e*} the dual
basis. Let A = (a;j) be a skew-symmetric matriz and define

o = Zaijei A ej.
i<j
Show that
aNa=0<«< det(A) =0.

Say a Aa = et Net ANe? Aed Aet. What is the relation between A and det(A)?

The first part follows immediately from proof of exercise 2.2 with n = 2.
Also, according to that exercise we have A = nlpf(A), or A = nly/det(A4).

Problem 2.11 Let V be an n-dimensional vector space with inner product (,)
and volume element vol € Q"(V'), as in Ezercise 2.9. Let v € QY(V) and

F,: QF — QPYL(V),
be the map
Fy(w)=vAw.
Show that the map
Ff = (=1)" % oF, o % : Q*T1(V) — QP(V),

v

is adjoint to F,, that is, (Fyw,7) = (w, F7). Let {e1,...,en} be an orthonormal
basis of V with vol(el, ..., e") = 1. Show that

p+1
Fre" Ao AePty =) (1) we)el A AE AL AP
i=1

Show that F,F} + FiF, : QP(V) — QP(V) is multiplication by ||v]|?.

13



In this problem v is a 1-form, w a p-form, and 7 a p+ g-form. First we make
the observation that (for forms of appropriate rank)

(x(aAD),c)vol=(aAb)ANc=aA (bAc)= (xa,bA c)vol,

so that
(#*(a Ab),c) = (xa,bAc).
Now, on one hand we have
(Fyw, ) = (v Aw, T),
while on the other
(Frr,w) = 1) (xF, (x7),w)

D™ {x(v A (¥7),w)

)
)
)™PTP (x(x7 A ), w)
1POHD (s 70 A w)
1POFD (1) PO=P) (1 4 A w)
1)P~ v (VAw,T),

(=
(=
(=
(=
(=
(=

but p — p? = p(1 — p) is always even, which establishes the result.
Next, we have F¥() = (—1)"P* F, = (), so we’ll take the component mappings
in sequence:
xret AL AePTHs ePT2A L Aen.

Next is
F,:ePTZA . ANe" —uAePT2A . Ae,

and finally
kv ANePTEN L Ne" - sgn(o)viel AL AEE AL A ePTL

where the hat indicated that term is missing and o is the permutation that
takes {1,...,n} — {i,p+2,...,n,1,2,...,i—1,...,p+1}. This permutation is
obtained by first moving the n — p elements {i,p+2,...,n} past the remaining
p elements which requires p(n — p) interchanges, and then moving ¢ to its proper
place, which requires an additional p + 1 — 4, which yeilds

sgn(o) = (_1)17("—10)4-17-1—1—11.

The exponent can be rewritten as pn+ (i 4+ 1) + p(1 — p), since adding 2 doesn’t
change the parity. But p(1 — p) is always even, and the pn will cancel with the
pn from the map definition, yeilding

Fre' Acone!™) = (=1) e A A AL A ePT
which can also be written as

Fre' Ao oneP™) = (=1)T v ey AL AE AL NPT

14



proving the formula.

Next, consider the operator F,F + EF;Fy : QP(V) — QP(V) with v = Ae'.
We have two cases. The first is the action of this operator on a basis element
containing e'. We have

Fr:e' Ne2 A ne s Ne2 AL Ae',

followed by , 4 4 4
Fy:Xe2 AL Nne? = N2el Ae2 AL Aer.

However, the second term in the operator gives zero because
Fy:elAe2 A Aer = el Ael Ae2 AL Aer,

which is zero, thus the operator is multiplication by A2 = ||v]|2.
The second case is the action of the operator on a basis element not con-
taining e!. The first term gives zero in this case since

x:e? Ne2 AL Ae s sgn(o)el AL AETPTEA L Aen,
and then
Fyiel Ao Ae AL nem s Xel Aeb AL AR AL A,
which is zero. Now, the second term yields
F,:e2Ne2 A Ne? = del Ae?2 Aelrti AL Neln,
and then
Fr:idel Ne? Ae»tt AL Ae = A2 Ae2 ALl Ae'r,

which again shwos that the operator is multiplication by ||v||?.

Finally, for arbitrary v, we are free to choose our basis so that e! is in the
direction of v, so the problem reduces to the particular case above with the same
result, since it was written in a coordinate independent form.

Problem 2.12 Let V' be an n-dimensional vector space. Show for a linear map
f:V =V the existance of a number d(f) such that

for w € Q™(V). Verify the product rule

d(go f) = d(g)d(f),

for linear maps f,g:V — V using the functoriality of Q™(). Prove that d(f) =
det(f).
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Let {e1...e,} be a basis of V and {e!,...,e"} the dual. There is only one
basis element in Q" (V), so we have w = @el A...Ae™, where & is the component
of w in this basis. The action of Q™ (f)(w) on the basis vectors of V' is given by

QU f)w)er - ven) = w(fler),---, flen))

= Qe A A (fRen, ..., fRer)
e'(frex) - e'(fier)
= wdet : ] .
e"(ffex) -+ e(fhex)
= Li)det(eifjl-“ek).

The matrix whose determinant we want is simply the product of two matrices
e frex = (ff)(exe’),
and so we have
det(eiffek) = det(fF)det(ere’)
= det(fF)det(s})
det(f).

This establishes the formula with d(f) = det(f). Next, a commutative diagram
of maps on V' gives rise to a commutative diagrams of maps on Q"(V):

v—1 .y s Pony
go g —  Q%gof) Q"(9)
Vv n (V)

Given the first result of the problem we can rewrite the second diaram as

Q(V) M Q (V)

which shows that (do f) = d(f)d(g).
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