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Problem 1.1 Perform the calculations of Fxample 1.7.

Let S = {(xl,xg,xg) ER3: a2 +ad=1,23= 0} be the unit circle in the
(71, x2)-plane, let U = R3 — S, and consider the function f : U — R given by

fi(x1,z0,23) — (

—2x113 —2T9T3 TF + T3 — 1)
& & £ 7

where £ = 22 + (23 + 23 — 1)2. First we compute the derivative of ¢:

E = 4x1(x% + x% —-1)
06 = 4x2(x% + x% -1)
(93§ = 2],‘3.

Now the components of the curl as evaluated as
(curl f)1 = 0Oafs —03f2
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(curl f)g = 83f1 — 81f3
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—421€ + 4123 + 4oy (23 + 2% — 1)2

e
4x
= ettt el tad - 1))
=0
(curlf)s = Ofao—fi
= 2x2x3 € — 2xéx3 02€
2
- %(fEQalg — 210:8)
- %lexz(ﬁ + 23 — 1) — dzyao(2f + 23 — 1))
=0

Thus we have curl f = 0. So f € ker(curl) and [f] € HY(U). We will
show, hwoever, that [f] # 0 by showing that there is no function F' such that
f=grad F.

Suppose such an F' existed and consider the integral of < F(v(t)) where the
curve v is given by

~y(t) = (\/1 —|—cost,0,sint) , —m<t<m.

First we have

s d T—€ d
—F(v(t)dt = i —F(~(t))dt
| greoa = m [ Lrew)
— lim F(y(t)|
e—0 —m+e€

= O,

where the limit was taken since the curve is not differentiable at its endpoints.
One the other hand we have

Tremn = aF6mm©
= filv()(t)
Now, we have
. —sint
) = 2T T oost
Yo(t) = 0
Y3(t) = cost,

and £(y(t)) = sin® ¢ + (1 4 cost — 1)2 = 1. so that
f(y(t)) = (=2sinty/1 + cost, 0, cost),



and finally
Fi(y()i(t) = sin?t + 0 + cos® t =1,

for all ¢, which yields a value of 27 for the integral over v which gives a contra-
diction. Thus F' cannot exist.

Problem 1.2 Let W be the open set given by
W = {(z1,22,23) € R : either z3 #0or 2] + 23 < 1}.

Prove the existance and uniqueness of a function F € C*°(W,R) such that
grad (F) is the vector field considered in Example 1.7 and F(0) = 0. Find a
simple expression for F valid when x% + 23 < 1.

Existance: It suffices to show that W is star-shaped about the origin, since
then the existance will follow from Theorem 1.6.

Let x € W, s = (s1,52,53), and suppose that s3 = 0. then s is contained
in the unit circle in the (z1, z2)-plane which is star-shaped. Now suppose that
s3 # 0 and let p be a point on the line joining s to the origin. If p3 = 0, then
p =20 and p € W, while if p3 # 0 then p € W. Thus W is star-shaped.

Now we have some F' which satisfies grad (F') = f. Consider a new function
I’ defined by

F'(x) = F(x) — F(0).

Then F'(0) = 0 and grad (F’) = grad (F)) — 0 = f and thus satisfies the given
condition.

Uniqueness: Suppose F; and Fb both satisfy the given criteria, then we
have grad (F; — F») = 0, so that the function F; — F» is constant on W (since
W is connected). Moreover, F;(0) — F»(0) = 0 so that Fy(x) = Fy(z) for all
x € W, so that the solution is unique.

Finally, we give an expression for F' when x? + 23 < 1. First, set 23 = 0,

then we have
1

= (0,0, 5—5—),
1= (00 =)
that is, 91 F = 0o F = 0 whenever x3 = 0. Thus we have

F(:El,wg,()) = F(0,0,0) = O,

for 22 + 23 < 1.
Now we have

1
P, 2, 5) = / Fiv ()i (t)dt,

for any curve y(¢) that connects the origin to (x1,x2,x3). Due to the above we
can take our curve as the straight line from the origin to the point (x1,x2,0),
which doesn’t contribute to the integral, and then as the line from there to the
final point, which will be the curve

’Y(t) = (xl’ {EQ,t:E3),



so that our integral becomes

1
F(xy,29,23) = /f3($1,x2,t$3)$3dt
0

T /1 x%—l—x%—l dt
P Jo (tws)? + (23 +a3 — 1)

_ ﬁ/l dt
a fy (trs/a)2+ 1’

where we have set @ = 22 + 23 — 1. Now if we make the substitution y =
trz/(z% + 23 — 1) we obtain

.7)3/()( d
Y

F(xi, 290, =
(21,22, 73) /O .

r3/a

= arctan(y)

t s

= arctan | ——— | .
z?+ a3 -1

Problem 2.1 Prove the formula in Remark 2.10.

In the ’older’ formula we sum over all permutations ¢ € S(p + ¢) of the
vectors, not just the ordered ones. Let o be such a permutation, then there are

p+aq) +
(0+q) = ’ )!q!p!q!=<ppq )p!q!,

arrangements, corresponding to permuting the first p objects among themselves,
then the last ¢ among themselves, and then shuffling the first p with the last
q. We will write o using this decomposition: ¢ = 7o m, o my, where 7 € S(p, q)
is a (p, q)-shuffle, m, € S(p, @) is a permutation among the first p objects, m, €
S(p,q) is a permutation among the remaining p. The our formula becomes

1
e Z Z Z sgn(0)w1(€o(1) - - - Eo(p) W2 (Eo(pr1) - - - Eo(n))s
T 7Tp 7Tq
where we have
sgn(o) = sgn(r o mp 0 mg) = sgn(7) - sgu(my) - sgn(mg).

Likewise, we have (since m, leave the first p unchanged, m, leave the last ¢
unchanged, and therefore they commute)

w1 (fo’(l) s ga(p)) = w1 (f‘rowpowq(l) s g‘rowpowq(p))
wl(gTowpU)~"£Toprﬂ)
= Sgn(ﬂ-p) s Wi (57'(1) cee 57'([)))7



and

w2(o(pr1) - &om)) = w2l&rompory(pt1) - - - Eromporg(n))

w2 (Eromgomy(p41) « - - Eromgomp(n))

= w2&romy(pt1) - - - Eromy(n))
sgn(my) - w2 (&r(pt1) - Ern))-

This leave us with

1
il Z Z Z sgn(T)w1(&r1) - - - &rp))w2 (Er 1) - - Er(m));

T Tp Tq

since sgn? = 1 for any permutation. The sums over 7, and pi, just give p! and
q! respectively, which cancel the factorials already present and thus establishes
the result.

Problem 2.2 Find an w € Q?R* such that w Aw # 0.

More generally, let V' be a 2n-dimensional vector space and « a 2—form
defined by the skew-symmetric 2n x 2n-matrix a;;

o= aijei N ej,
in the orthonormal basis {e’},where it is understood that the sum is for i < j.
First we verify that « is indeed a 2—form.
a(z,z) = (e’ ANed)(z e, 2%es)
aija:rxsei Ael(er,es)
aijx"zt (0107 — §L67)
aijxixj — aijxixj

0.

Now we define a 2n-form ( by
B=aA...\a.
—
n times
Using our basis, we have
B = (ai e Ae)A LA (a, e Aelm)
= iy -, (€AY A LA (e Aem).
Now, there are only 2n basis elements, so a term in the sum will vanish unless
the basis elements form a permutation of all {1,...,2n}. Moreover, we can

swap products of pairs of basis elements without changing its value since this is
always an even permutation, thus we can write

B=nlaij, .. a;j (" A ) A A (e Aein),



where we now have i; < i whenever [ < k, that is, the sum is over all unordered
pairs of basis elements. Since there were n pairs of basis elements, there are
now n! permutations of them, each contributing the same to the sum.

Now, we still have i; < i, so our sum is over all unordered partitions of the
integers {1,...,2n} into pairs. We now rewrite our sum as

8 =n! (ngn(o) C @iy gy ---ainjn> el AL AR,
g

where ¢ is a permutation that gives the desired partition, and we sum over only
partitions. We can rewrite the sum this way since any such permutation of the
basis elements changes the term by exactly sgn(o).

But, we notice that

ZSgD(O’) C Qi gy e Gy, = pf(A),

the Pfaffian of A, and for a 2n x 2n skew-symmetric matrix we have
pf2(A) = det(A).

Thus we see that 8 = 0 iff det(A) = 0. (We note that this holds as long as A
has an even number of rows, as it does here. For an odd number of rows, the
determinant is always zero.)

For the problem at hand it suffices to pick any 4 x4 matrix with non-vanishing
determinant, such as

0 1 0 0
-1 0 1 0
o -1 0 1|’
0 0 -1 0

which has determinant 1.
Problem 2.3 Show that there exist isomorphisms
iR = QIR?, j:R® — Q*R3,

given by
Z(’U)(U}) = <va7 >a j(v)(wl,wg) = det(v, wlva)a

where (,) is the usual inner product. Show that for vi,vs € R3, we have
i(v1) Ni(ve) = j(v1 X v2).
Define the map i : R? — Q'R? between vector spaces by

i(v)(w) = (v, w).



Then we have

i(au+ pv)(w) = (au+ fv,w)
= ofu, w) + v, w)
= ai(u)(w) + Bi(v)(w),
which shows that ¢ is a linear map.
Now, let u € Q'R?, {ey, e,e3} an orthonormal basis for R and {e, e?, €3}
the dual basis. Then we have
u(w) = uiei(wjej)

uwle’(e;)

= wuw’ 5;
= U/LUl
= <u7 ’LU>,
which shows that ¢ is surjective. But the vector spaces have the same dimension,

so we conlude that ¢ is injective and thus an isomorphism.
Now we define the map j : R? — Q2R3 by

j(v)(wr,wa) = det(v, wr, w2).
Then we have

Jjlau+ Bv)(wy,we) = det(au+ Bv,wr,ws)

= det(au,wr,ws) + det(Bv, wy, wa)
adet(u, wy, ws) + B det(v, wy, ws)
= aj(u)(wr, w2) + Bj(v)(wr, w2),

which shows that j is linear.
Let u € Q?R?, then we can write

u = Z ug(l)’g(g)ea(l) Ae??),
c€S(2,1)

The action of the dual basis on the basis of R? is given by
(e® A eb)(ei, ej) = 5?5? — 5?5?
— 6abk €ijks

where €;;;, is the Levi-civita symbol. So we have

U(:E, y) = Z ua(l),a(Q)xiyjea(l) A 60(2) (eiv ej)
oe8(2,1)

= ) Ue()e@@y DTy
c€S8(2,1)



So, let us define

ut = Z UU(1)7U(2)60(1)0(2)I€,
c€S(2,1)

which is a triple of numbers, so a vector in R3. In particular, we get u' = uo3,

u? = w13, and us = u12. Now we have

u(z,y) = ijukffiyj
= €kijukxiyj
= det (u) x’ y)7
and our mapping is surjective. Again, since the dimensions are the same, j is

automatically injective and hence an isomorphism.
Next, consider i(v1) A i(v2), which is given by

_ i(v1)(w1) i(v1)(wa)

i(vy) Ni(v2)(wr,wz) = det i(vg)(wy)  i(vg)(wa)

= (v, w1) - (v2,w2) — (v1,w2) - {v2, Ww1).
On the other hand consider j(v1 X v2), which is given by
Jjlvr X va)(wr,wa) = det(vy X vo,wr,ws)
= en(vr X v2) wlwh
ijk€lpviviw]wh
= (5aj5bk — 5ak65j)vi’vgw{w§
(viwf) - (vywy) — (viws) - (vyw?)

<’U1,w1> . <’U2,’LU2> — <U1,’LU2> . <’U2,w1>.

Comparing these expressinos establishes the result.

Problem 2.4 Let V be a finite-dimensional vector space over R with inner
product {,), and let

iV —-V=04V),
be the linear map given by

i(w)(w) = (v, w).

Show that if {e1,...,ex} is an an orthonormal basis of V, then
i(ey) = €*,
where {e',... e"} is the dual basis.

Let ¢ : V — V* be given by i(v)(w) = (v, w). The dual basis is defined by
the relations e’(e;) = 6%, We have

ier)(wie;) = (w,er) = wh.

So i(ey) is the functional that picks out the k-th component of a vecotr, that is,
the functional e*:

ef(wie;) = wieF(e;) = wioF = w”.



Problem 2.5 With the assumptions of the previous problem, show the existance
of an inner product on QP (V') sich that

(Wi A Awp, i AL AT = det((ws, 7)),
whenever w;, 7; € QY (V), and
(w, tau) = (i~ H(w),i~(1)).
Let {e1,...,en} be an orthonormal basis for V, and let 37 =i(e;). Show that

{B"(l) A ABTWP g€ S(p,n—p)} ,
is an orthonormal basis of QP (V).
We define the map (,) : QP(V) x Q?(V) — R by
(W, T) = (wee?,1re™)
= w(r7—7r<6”; eﬂ—>a
where o and 7 stand for all the p-tuples of indices that are (p, m — p-shuffles,
and the inner product on basis elements is defined as in the statement of the
problem. The inner product on the basis elements is well-defined because i is
an isomorphism and the Euclidean inner product is well-defined.
Exchanging the factors makes the exchange (e?,e™) — (e™,e?), but leaves
the matrix (e?,e’) invariant because the Euclidean inner product is symmetric.
Next we have
(aw + Bp,7) = ((aws + Bpo)e’, Tre™)
= (aws + Bpo)Tr(e”,€"),
and the properties of an inner product are satisfied.

The elements form a basis by Theorem 2.15. Orthonormality follows from
the previous exercise.

Problem 2.6 Suppose w € QP (V). Let vy,...,v, be vectors in V and let A =
(aij) be a p x p matriz. Show that for w; = a;;w; we have

w(wi, ..., wp) =det(A)w(ve,...,vp).

We have
w(wr, ..., wp) = Z w(,(l)mg(p)e”(l) A AP (wy, L wy),
oceS(p,n—p)
where

"Wy - e"(l)wp

DA AP (wy, .. wy) = det : :
e Py, .. e"(p)wp

= det ,

eg(p)aljvj e eg(p)a,pjvj




since w; = a;;v;. Now consider the matrix IV given by N;; = e”(i)vj. Then the
matrix ‘
M;; = Nirarj = " Dvpar;,

is exactly the matrix in the above equation. Since the determinant of a product
is the product of the determinants, the formula is established.

Problem 2.7 Show for f:V — W that
QPF(f) (w1 Awz) = QP (f)(wi) A Q(f)(w2),
where wy € QP(W) and wy € QUW).

On the one hand for QP(f)(w1) A QI(f)(w2) (&1, - -+, Eptq)
Z Qp wl go(l)a sy fa(p)) : Qq(f)(WZ)(fa(p—i-l)v s 750(;0—}-(1))

Zwl 60(1 f(fa(p))) : wQ(f(ga(erl))v R f(ga(erq)))a

while on the other hand QP1(f) (w1 Awa)(&1,. .., Eptq) IS

(W1 Aw2)(f(&1)s-- -5 f(Ep+q))
Z wl ga(l) cey f(fd(p))) ! W?(f(fa(p—i—l))v ceey f(fd(p—i-q)))v

which proves the formula.
Problem 2.8 Show that the set
{f €End(V):3g€ GL(V) : gfg s diagonal} ,

is everywhere dense in End(V'), assuming V is a finite-dimensional complex
vector space.

Such an f is represented by an n x n complex matrix once a basis is chosen
for V, and we will denote this matrix representation by f as well. If f has
n distinct eigenvalues then it is obviously diagonalizable, so we will show that
there exists complex matrices with distinct eigenvalues arbitrarily close to every
given matrix f. We will consider these matrices as points in c ~ ]R4"2, and
use the standard topology in Euclidean space.

Given an f, denote its characteristic polynomial by

Pr(\) = det(f — M) = a, + a; \',

where I is the unit matrix and 7 € (1,...,n). Next we will define, for a given f
and characteristic polynomial P¢()), a functlon F :C"! x C — C defined by

F (20,20, A) = 20+ ao + (2 + a;) X',

10



which is polynomial and therefore smooth (analytic).
The partial map

Fy:(20,---y2n) — 20 + ziX\i + Pr(N),
has a (complex) differential given by
DFy = (1,\',...,\"),

so that o
DF) - DF] = L+ NN >1,

so that the differential is surjective and thus F' intersects every submanifold of C
transversely, in particular {0}. Thus, by the transversality theorem, for almost
every (20,...,2,) € C"1 the map F, : X\ — 29+ agp + (a; + z;) A" intersects {0}
transversely.

Now, by the fundamental theorem of algebra this polynomial must take the
value 0, so that the perturbed characteristic polynomial has distinct root (ie,
if the roots were not distinct, the map would intersect {0} tangentially rather
than transversely). Since this holds for almost all (zo, ..., 2), we can choose
such a point within any J-ball about the origin. Thus, this polynomial can be
made arbitrarily close to our original one and our result will follow if a nearby
polynomial is associated with a nearby matrix, which we show next.

We note that the maps ¢y, : fi; — bi, which give the coefficients of the char-
acteristic polynomial from the matrix are analytic maps (they are polynomial
themselves). Each of these function will possess a smooth local inverse whenever
the image point is regular, but almost every such point is regular by Sard. Since
there are only finitely many functions, almost every (n + 1)-tuple (bo, ..., by) is
regular for {po,...,pn}

Now, almost every z € C™*! will satisfy both conditions above, ie, be reg-
ular for the maps ¢y and give distinct zeros for the perturbed characteristic
polynomial. Thus, for every e-ball about f we can find a corresponding §-ball
about the origin in C™*! that contains a point z such that the characteristic
polynomial

zo + ag + (ai + Zi))\i,

has n distinct roots and is the characteristic polynomial of some matrix in V,
which establishes the result. We note that it is essential to consider complex
matrices since the proof depends on the fundamental theorem of algebra, which
doesn’t gaurantee roots over R.

Problem 2.9 Let V be an n-dimensional vector space with inner product {,).
From Ezercise 2.5 we obtain an inner product on QP (V') for all p, in particular
for p=n.

A volume element on 'V is an unit vector vol € Q™(V'). Hodge’s star operator

x: QP(V) — Q"7P(V),

11



is defined by the equation (xw,T)vol = w AT for all T € QP(V'). Show that * is
well-defined and linear.

Let {e1...en} be a basis of V with vol(ey,...,e,) = 1 and {e'...e"} the
dual basis. Show that

x(e' A ANeP)=ePTEA L Aem,
and in general that
#(e DAL A7) = sgn(o)e” P A LA 7™
with o € S(p,n — p). Show that * o x = (—1)P("=P) on QP (V).

Suppose that u; and ue are two forms that satisfy the above equation for
every 7, then we have

0 = (ug,7yvol — (ug,7)vol = ({uy,7) — (uz,7))vol
= ({(u1 — ue, 7)vol,

which shows that w1 = us, so that the map is well-defined. For linearity we
have

(#(w+m),T)vol = (wH+m) AT
WAT+TAT

(*w, Tyvol + (xm, T)vol

from linearity of the wedge product.
Next, suppose that we have

(e A Ae”®)) T)vol = ("D AL AP AT
Using linearity we will let 7 be a basis element
T=€eTA...Nelnr,
Thus the right hand side of our formula yields
DN AP NN LA,
which is zero unless 7 is a permutation of the remaining basis vectors:
T=e" PO A A 7™,
Thus we have
(M A A7 P 7P A A 7 (Mol = sgn(a)vol,

which yields (e A ... Ae?®)) = sgn(a) - @) AL A7),

12



Now we wish to evaluate x o * : QP(V) — QP(V). By the linearity of * it
suffices to consider its action on basis elements. We have

w: e DA AP s sgn(o)e” @D A LA™,
and likewise
w:e™ WAL AP gon(m) e TPED AL A ™),
where the permutations are related by

(w(1),...,7(n—p),r(n—p+1),....,7(n)) = (c(p+1),...,0(n),c(1),...,0(p)),

that is, 7 is a cyclic (cyc) permutation of o, thus sgn(w) = sgn(o) - sgn(cyc).
Since we go from o to m by moving the last p elements across the first n — p
there are p(n — p) interchanges, which is the sign of cyc, thus we have

w: DA AP sgn(eye) - e TPTD AL A ™)
= (=1)P oM A AP

which establishes the formula.

Problem 2.10 Let V be a 4-dimensional vector space and {e*, ..., e*} the dual
basis. Let A = (a;j) be a skew-symmetric matriz and define

o = Zaijei A ej.
i<j
Show that
aNa=0<«< det(A) =0.

Say a Aa = et Net ANe? Aed Aet. What is the relation between A and det(A)?

The first part follows immediately from proof of exercise 2.2 with n = 2.
Also, according to that exercise we have A = nlpf(A), or A = nly/det(A4).

Problem 2.11 Let V be an n-dimensional vector space with inner product (,)
and volume element vol € Q"(V'), as in Ezercise 2.9. Let v € QY(V) and

F,: QF — QPYL(V),
be the map
Fy(w)=vAw.
Show that the map
Ff = (=1)" % oF, o % : Q*T1(V) — QP(V),

v

is adjoint to F,, that is, (Fyw,7) = (w, F7). Let {e1,...,en} be an orthonormal
basis of V with vol(el, ..., e") = 1. Show that

p+1
Fre" Ao AePty =) (1) we)el A AE AL AP
i=1

Show that F,F} + FiF, : QP(V) — QP(V) is multiplication by ||v]|?.

13



In this problem v is a 1-form, w a p-form, and 7 a p+ g-form. First we make
the observation that (for forms of appropriate rank)

(x(aAD),c)vol=(aAb)ANc=aA (bAc)= (xa,bA c)vol,

so that
(#*(a Ab),c) = (xa,bAc).
Now, on one hand we have
(Fyw, ) = (v Aw, T),
while on the other
(Frr,w) = 1) (xF, (x7),w)

D™ {x(v A (¥7),w)

)
)
)™PTP (x(x7 A ), w)
1POHD (s 70 A w)
1POFD (1) PO=P) (1 4 A w)
1)P~ v (VAw,T),

(=
(=
(=
(=
(=
(=

but p — p? = p(1 — p) is always even, which establishes the result.
Next, we have F¥() = (—1)"P* F, = (), so we’ll take the component mappings
in sequence:
xret AL AePTHs ePT2A L Aen.

Next is
F,:ePTZA . ANe" —uAePT2A . Ae,

and finally
kv ANePTEN L Ne" - sgn(o)viel AL AEE AL A ePTL

where the hat indicated that term is missing and o is the permutation that
takes {1,...,n} — {i,p+2,...,n,1,2,...,i—1,...,p+1}. This permutation is
obtained by first moving the n — p elements {i,p+2,...,n} past the remaining
p elements which requires p(n — p) interchanges, and then moving ¢ to its proper
place, which requires an additional p + 1 — 4, which yeilds

sgn(o) = (_1)17("—10)4-17-1—1—11.

The exponent can be rewritten as pn+ (i 4+ 1) + p(1 — p), since adding 2 doesn’t
change the parity. But p(1 — p) is always even, and the pn will cancel with the
pn from the map definition, yeilding

Fre' Acone!™) = (=1) e A A AL A ePT
which can also be written as

Fre' Ao oneP™) = (=1)T v ey AL AE AL NPT

14



proving the formula.

Next, consider the operator F,F + EF;Fy : QP(V) — QP(V) with v = Ae'.
We have two cases. The first is the action of this operator on a basis element
containing e'. We have

Fr:e' Ne2 A ne s Ne2 AL Ae',

followed by , 4 4 4
Fy:Xe2 AL Nne? = N2el Ae2 AL Aer.

However, the second term in the operator gives zero because
Fy:elAe2 A Aer = el Ael Ae2 AL Aer,

which is zero, thus the operator is multiplication by A2 = ||v]|2.
The second case is the action of the operator on a basis element not con-
taining e!. The first term gives zero in this case since

x:e? Ne2 AL Ae s sgn(o)el AL AETPTEA L Aen,
and then
Fyiel Ao Ae AL nem s Xel Aeb AL AR AL A,
which is zero. Now, the second term yields
F,:e2Ne2 A Ne? = del Ae?2 Aelrti AL Neln,
and then
Fr:idel Ne? Ae»tt AL Ae = A2 Ae2 ALl Ae'r,

which again shwos that the operator is multiplication by ||v||?.

Finally, for arbitrary v, we are free to choose our basis so that e! is in the
direction of v, so the problem reduces to the particular case above with the same
result, since it was written in a coordinate independent form.

Problem 2.12 Let V' be an n-dimensional vector space. Show for a linear map
f:V =V the existance of a number d(f) such that

for w € Q™(V). Verify the product rule

d(go f) = d(g)d(f),

for linear maps f,g:V — V using the functoriality of Q™(). Prove that d(f) =
det(f).
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Let {e1...e,} be a basis of V and {e!,...,e"} the dual. There is only one
basis element in Q" (V), so we have w = @el A...Ae™, where & is the component
of w in this basis. The action of Q™ (f)(w) on the basis vectors of V' is given by

QU f)w)er - ven) = w(fler),---, flen))

= Qe A A (fRen, ..., fRer)
e'(frex) - e'(fier)
= wdet : ] .
e"(ffex) -+ e(fhex)
= Li)det(eifjl-“ek).

The matrix whose determinant we want is simply the product of two matrices
e frex = (ff)(exe’),
and so we have
det(eiffek) = det(fF)det(ere’)
= det(fF)det(s})
det(f).

This establishes the formula with d(f) = det(f). Next, a commutative diagram
of maps on V' gives rise to a commutative diagrams of maps on Q"(V):

v—1 .y s Pony
go g —  Q%gof) Q"(9)
Vv n (V)

Given the first result of the problem we can rewrite the second diaram as

Q(V) M Q (V)

which shows that (do f) = d(f)d(g).

16



Cohomology Homework: Chapter 3

Daniel J. Cross

April 12, 2007

Problem 3.1 Show for an open set in R? that the de Rham complex

0— QU) % Q' (U) % QX(U) — 0,

s isomorphic to the complex
0 — C°(U,R) &' 0> (U, R?) %' ¢**(U,R) — 0,

Analogously, show that for an open set in R3 that the de Rham complex is
isomorphic to

div

0 — C™(U,R) ®%' 0=(U,R?) &' (U, R?) ¥ 0>~ (U,R) — 0,

defined in chapter 1.

We will do the R? case first. We know that Q(U) ~ C>°(U,R). Further-

more, from exercise 2.3 we have

QYR3) ~ R3
Q2R3 ~ R3,

Now, w € QY(U) is a smooth map w : U — Q(R?) ~ R3, in other words,
a smooth vector field on U. Likewise w € Q%(U) is a smooth map w : U —
0%(R?) ~ R?, and so this too is a smooth vector field on U.

Now we need Q3(U). Any 7 € Q3(R3) can be written as

r=%et Ne? Aed,

where 7 € R. Thus we regard an w € Q3(U) as a smooth map w : U — Q3(R?) ~
R, that is, a smooth function on U.

So, we’ve established the isomorphism on the vector spaces, next we need
the maps. However, Theorem 3.7 and following establishes that the d operator
acts as the differential operators grad, curl, and div on the appropriate spaces
as indicated, and the result follows.

Next we take the R? case. We again have Q°(U) ~ C*°(U,R). We further-
more have Q!(R?) ~ R? by problem 2.3 since the isomorphism depends only on



the inner product which is defined in any dimension. The same argument as
above then shows that QY (U) ~ C>(U,R?).
Now, any 7 € Q%(R) can be written as

T =7el ANe?,

where 7 € R. So any w € Q2(U) is a smooth map w — Q?(R?) ~ R, so w is a
smooth function on U.

Now, we know that d : Q° — Q! acts as div by theorem 3.7, so we only need
d:QF — Q2 We write w € QY(U) as widz! + wedx?. Then we have

dw = dwidz' + dwyda?®
= 8—%dxi Adxt + 8—@dxi A dx?
oz’ o’
o (90)1 2 1 8(,«}2 1 2
80)1 8w2 1 2

= (curl®)dx! A dx?
where @ = wldz; + w?dzs € C°(U,R?), and we have w® = w;.
Problem 3.2 Let U C R™ be an open set and {dx', ... dx"} the usual constant

1-forms. Let vol = dx' A ... Adx™ € Q*(U). Use the star operator defined in
2.9 to define Hodge’s star operator

x: QP(U) — Q"7 P(U),
and show that *(dz' A ... AdaP) = daPT A ... Ada™ and x o x = (—1)"("7P),
Define d* : QP(U) — QP~Y(U) by
d*(w) = (=)™ " L x o dox (w).
Show that d* o d* = 0. Verify the formula

d*(fdz™ A ... Ada'r) = (—1)]’%@1 Aodz” LA dat
i
We will define the action of * point-wise using the action of * from 2.9 on
basis elements:
w(w) = x(@e”M A Ae7P)
G (DAL AP
= sgn(o)we” PV A A,

We then extend this definition to arbitrary w using linearity. Now we have (at
each point)
w(det AL ANdxP) = x(e' AL AEP)
= ePTIA A"
daPTL A LA da.



We now demonstrate that this result is the same as the previous definition
extended to differential forms using this last result on the dz* and the definition
of x from 2.9:

(+(@dx' A ... A dxP), T)vol
= O(x(dz' A... AdaP), T)vol
= Odz' A...ANdaP AT)

= WAT.

(xw, T)

Now, since * as defined above only acts on the dz’ and no the component
functions, the calculation reduces to the one in 2.9 giving the same result, that
x 0% = (—1)"n=p),

Next we want to calculate d* o d* on a p-form w. We can write the operator

as
d*od* = ((—l)n’p_l xodox)o ((—1)”’p+n’_1 *0dox)o,

since the second d* acts on a (p — 1)-form. We then write

dod*=(—1)"*o0doxoxo dox,

and the succession of the orders of the form in each map is:

P Sm-p)En-—p+r) Sp-1) S n-—p+r1) S n—p+2) 5 (p-2)

Now we have
d*od*=(—1)"*x0do * o % odox,
——
(=1)np=1)

since the bracketed operator acts on an (n — p + 1)-form. Then we have

d*od" = (—1)""xo0 dodox=0.
0

Finally, we calculate the action of d* on a p-form:

d*(fdz' A ... ANdxP) = (=1)"PT" " lxodox(fdat A... AdaP)
= (=)™ xod(fx(dz' A... AdaP))
= (=)™ U xodf (x(dz' A... AdaP)).

Next, we note that df can be though of here as a map whose action is given by
df (W) = df Aw,

so that we can apply the result of 2.11, that is, we can rewrite our last line
(ignoring sign for now) as

xo df (x(dz' A ... AdaP)) = (=1)"PV(df*) (dat A ... A daP),



where the sign is because this acts on a p-form. But then

(df)dat A ANdaP) = (—1)df, detydat A di . A da?
= (=1)*! (%) de' AL dx' . A da?,

using 2.11 again. the sign factor, including all contributions, becomes
i+1l4+np—q)+np+n—1=i+1—-142np+n—n— i,

which establishes the result. We note that our derivation didn’t depend on
which p of the dz'’s we picked, but only that there were p of them. so we can
replace dz! A ... A dxP with any permutation of the p indices and result will

holds. If the indices are labeled j1,. .., j,, then we replace i in our formula with
Ji, that is
. ; ; S of ~ i ;
(df*)(da?* A .. AN da??) = (—1)”de31 AP /AN £
x k2

Problem 3.3 With the notation of the previous problem, the Laplace operator
A:QP(U) — QP(U) is defined by

A=do d +d" o d.
Let f € Q°(U). Show that A(fdx' A ... AdzP) = A(f)dxt A ... AdaP, where

0% f 0% f
“Alf)= —=+...+ ——.
D= e ot @y
A p-form w € QP(U) is said to be harmonic if A(w) = 0. Show that * maps
harmonic forms to harmonic forms.

We will take a p-form and first compute the action of d* o d. First the action
of d:

d(fdz' A ... A daP) df Ndz' A ... A daP

o )
8—fidxl ANdzt AN daP,
x
where we note that we must have i > p for this to be nonzero.
Next we have d* acting on a (p + ¢)-form:

d* = (-1)"""1xodox,
which we will take one mapping at a time. First

* 8fAdx’:/\dx1/\.../\dxp = 8f.*(dmi/\dx1/\.../\dxp)
ox* ox*
of

= sgn(o)%dxm'l A...dx ... ANdx",




where o is the permutation taking
(1,...,n) = (i,1,....p,p+1,...,0,...,n),

which has sign ¢ — 1.
Next we have d which gives
82
(_1)1—1 f i
Oxiox?
where we note that either j < p or j = ¢ for this not to be zero. We will take
these as two cases. If j i (the same as j < p since i > p), we get for *:

dxj/\dxpﬂ/\...cfxl.../\dx",

o%f
Oxi Ozt

i

dod APt AL dr L A da

(—1)"1sgnr
where 7 is the permutation taking

(1,...,n) = (op+1,. iy oni 1, g, D),

which we will reduce in steps - first move i, then j, then swap the first n — p
with the last p:

(j,p—|—1,...,%,...,n,i,l,...,j,...,p)

l (-
Gop+1,...,4,...,n,0,1,...,7,...,D)

| (-1
(p+1,...04,...,n,0,1,....4,...,p)

1 (_1)p(n*p)

(1,...,0-,pp+ 1, . 0,...,n)
which shows that sgn(7) is given by
n—i+n—p+j—14+pn—p*>—j—i—1+pn.
So, if we take all our cumulative signs this gives
(np1) + (i=1)+(j—i—1+4pn) —j—1,

so that our sum is

- Z(—l)j Of dri Adz' AL dx’ ... Ada?
2. Dmi Ol cooda .
J<p

In the case ¢ = j the expression that * acts on will now be

i-1 0°f
(_1) ! (81‘1)2

dr' AdaPTU AL dx' . A da”,




which can be written as
o%f
(Ox")?

since there are ¢ — (p + 1) interchanges to move i to its proper spot, and (i —
)+ (i—p+1)=2i—2—pT. so, now * gives

0% f
(0a?)?

dePTUA o ANdEt AL A da™ = (—1)P dzPT AL A da,

(=17

o f

1
de /\/\dﬂl‘p,

sgn(C)(—1)”
where ( is the permutation that takes
(1,...,n) = (p+1,....,m,1,...,p),
which has sign p(n — p). So, putting it all together, the total sigh will be
(np—=1)+ (p) +p(n —p) = 2np = p(1 —p) =1 — —1,

since p(1 — p) is always even, and the sum becomes

0% f
—Z (8x’3)2dx1 AL ANdxP.

i>p

Whew. Now we have to do the operator d o d*. In this case we can use our
previous result to simply write

of

' AL dr A da?,
ozt

d*(fdz' A ... AdaP) = (—1)

where we know that here ¢ < p. Then d gives

o0 f

8xiaxjda:jAdx1A...d};i...AdagP,

(-1)°

where now j > p or j = i (the two cases are mutually exclusive as before) or
else we get zero, and will consider the two cases separately again.
First, if j > p we have

i O°f ] 1 i
Z(—l) 9270 jdxj/\dx A..odx oo Nda?,
= i Ox

j>p

whereas when ¢ = 5 we have

2 . 2
of det Ndzt A .. dx .../\dxp:—aifdxl/\.../\dxp,

Ozt OxI 0zt OxI

(-1

since there are ¢ — 1 interchanges to move i to its proper spot.



Now, if take our two sums when ¢ = j and combine them, we see that the
summands are the same, and they only differ in the range of i, which between
the two if all of 1,...,n. Thus these two give

82
— Z .fx.dxl/\.../\dxp,

which we will then write as
A(f)dz" A ... A da?,

following the notation in the problem statement. So, we will be done if we can
show that the other two sums cancel each other out. We will reproduce those
sums here:

2 .
—Z(—l)j el da* Nda' A dx A da?,

, OxI Ox'
1>p
J<p
and
S (1) OF pui Ndwt A e . A da?.
= oxtoxI
i>p

But, we note that the i and j are just dummy indices, so we can exchange the
two in the second sum, which yields

- 9% f : ~ g
Z(—l)j , z,al;vl/\dxl/\...daﬁ oA daP,
= 0xiox

1>p

which is now exactly the same as the first sum (since partial derivatives commute
on smooth functions) except that they have opposite sign, so the two sums
cancel.

Problem 3.4 Let QP(R™,C) be the C-vector space of alternating R-multilinear

maps
w:R"x---xR" — C.
———

p

Note that w can be written uniquely as
w = wpg + wr,

where wg is the real part, wy is the imaginary part, and both are real-valued
p-forms. Extend A to a C-linear map

QP(R",C) x QI(R"™,C) & QPHe(R", C),

and show that we obtain a graded anti-commutative C-algebra Q*(R™, C).



The most straight-forward thing to do is to expand each complex form into
its real-valued constituents and apply the usual wedge on these:

WAT wr +iwr) A (Tr +i17)
wR/\TR—I—iwI)/\TR+iw1/\iT[+wR/\iT[
wR/\’TR—wl/\T[)—l—i(wI/\TR—wR/\T[)

WAT)R +i(lwAT)],

(
(
(
(

which makes sense since the wedge products on the real-valued forms are always
of a p and ¢ form, resulting in a real-valued (p + ¢)-form.

To obtain the graded algebra we need to check associativity and the (anti)-
commutativity, since we already have a mapping between the grades of the
algebra. Associativity follow from that of the usual wedge product:

aNBAy] = (ar+iar) N(Br+i61) A (YR + i71)]
= [(ag+iar) A(Br+1iB0)] A (vr + 1)
= [anpBlAy

Now, let « be a p-form and 3 a g-form. Then we have
aAB=(arABr—arApPr)+ilar ABr+ar A Br),

but it costs a (—1)P? to flip the order of the wedge product in each term since
each is a product of a real-valued p and ¢ form. We then factor out the common
sign factor to get

anp = (=D)P(BrANar—BrANar)+i(Br ANar+ Br A ar)
— (“)"MBAa,

and these properties establish Q*R", C as a graded anti-commutative C-algebra.
Problem 3.5 Introduce C-valued differential p-forms on an open set U C R™

by setting
QP(U,C) = C>=(U, QP (R™,C)).

Extend d to a C-linear operator
d: QP(R™,C) — QPTHR", C),

and show that theorem 3.7 holds for this case, and generalize theorem 8.12 to
this case.

We extend the definition as in the previous problem, by having the usual d
operator act on the real valued forms:

d(w) = d(wg + iwr) = dw, + idwy.



Now, we need to establish the following properties of d:

(@) feQ’U.C), df = (9;f)da’
(i) dod=0
(131) dwAT)=dv AT+ (—1)Pw Adr, w e QP(U,C),

where
0
Fyes
Now, an f € Q°(U,C) is a smooth map f : U — C, that is, a smooth C-valued
function, so we can write f as fr + ifg, so we have

df = dfy +idfr
= 0 frdx! +i0; frda’
= 8j(fr+if1)dxj
= 0;fda?,

9, =

which establishes the first property.
Next we have

(do d)f = d(dfr+idfi)
= d’fr+id*fr
= 0,
which establishes the second. And finally we have

d(w/\T) = d[(wR/\TR—wI/\T])+i((wR/\T[—wI /\TR)]
= d(wR/\’TR) —d(w;/\ﬁ) +id(wR/\TI)+id(w1 /\TR)
= dwp ANTr+ (—1)Pwr Adrr — dwr A7+ (—1)Pw; AdTy
+i(dwr A 11 4+ (—1)Pwr Adrr) + i(dwr ATr + (—1)Pw; A dTR)
= dwr NATRr + idwr AN T1 + idwr AN TR — dwr AT +
(—1)p(wR/\dTR+in/\dT1+iwl/\dTR—wI/\dT[)
(dwR + ide) N (TR + iT[) + (—1)p(wR + iw[) N (dTR + idT[)
= d(wg+iwr) A (tr +i77) + (=1)P(wg + iwr) Ad(TR + i77)
dw A7+ (—=1)Pw Adr,
where in the fourth line we simply rearranged the entries. This proves the result,
and shows the existence of the operator. The argument for uniqueness follows
exactly as the one given in the book for the real-valued case by distributing A
across the real and imaginary parts of each form.
Next we generalize theorem 3.12: if we have a map ¢ : U — V, then the
induced map ¢* : QP (V,C) — QP (U, C) will have the properties:
(@)  PwAT)=¢" (W) A7)
(it) " (f)=fop, feC™V,C)
(1i)  dp™(w) = ¢ (dw)



First we show that (¢*w)r = (¢*wr), and similarly for the imaginary parts.
Using the calculational formula, we have

P Ww)(@) = wilp())de®
[R(wr (@) + i%(u)k(w(x))]dwk

= [wr(p(@)rlde" + ifwi(p(x))r]de
= ¢ (wr(@)) +ip*(wi(x)),
which shows the result. Now we have
O(WwAT) = ©(wWrATR —wr ATr +iwg AT +iws ATR)

O (wr ATR — @ (Wi AT1) + i (wr A T1) + 09" (Wi ATR)

(wr) A o™ (TR) — ¢" (W) A * (1) +ip™ (wr) A @™ (1) +ip"(wr) A ¢™(TR)
PW)rR A P*(T)r — ¢* (W) Ao * (T)1 + 19" (W)r A 9™ (T)1 +ip™ (W) A ™ (T)R
= (¢*w) A (7).

For the second property we have

o (f) = ¢ (fr+ifr)

= [rop+ifip
= (fr +if1)(p)
= f o Q.
And for the third property we have
de*(w) = do"(wr +iwr)

= d¢"(wr) + de” (iwr)
= ¢"(dwr) + ¢" (idwr)
= ¢(dwg + idwy)
= ¢x*(dlwg +iwr))
= ¢ (dw).
Now we prove the uniqueness of our pullback map. Suppose that ¢’ were
another map satisfying the above three properties. First we note that

¢'(f) = fop =9 (f),

so that ¢' and ¢* agree on C*° (U, C). Now, by linearity it is enough to look at
a basis p-form:

¢ (fdz’) = o(f Adx’)
= (')A (¢da’)
= (LN (P (dz A ... Adair))
= (@HN(Pd) N A (P dar)
= (YA )N Ad(P2r)
= (fo )/\d(xﬁoap) .../\d(xjpow)
(P f) Ad(p*a™) A ... Ad(p*a?),

10



where we have applied our previous result. At this point, we just follow the
same steps backwards to get ¢ * (fdz”), which establishes the uniqueness.

Problem 3.6 Take U = C — {0} ~ R? — {0} and let z € C>*(U,C) be the
inclusion U — C. Write z = x + iy. Show that

R(z~dz) = dlogr,
where v : U — R is defined by r(z) = |z| = /22 + y2. Show that

_ -y X
S(z7dz) = e dx + R dy.

Since we have z = x + iy we can write dz = dx + idy. Thus we have

27tz = (v +iy)”H(dr +idy)
_ dxHidy (x—zy)

r+iy \x—1y
rdr — tydr + izdy + ydy
x? +y?
xdx +ydy  xdy — ydx
21y |zt

which gives the required equality on the imaginary part. Now we have

Y NE:
dlog \/x? + 2=7m7

2zdr + 2ydy  xdx + ydy
dv/22 + 9% = = ,
2\/x2 + 92 \/a:Q + 2

but

which proves the claim.
Problem 3.7 Prove for the complex exponential map exp : C — C* that
d. exp = exp(z)dz, and exp*(z7'dz) = dz.
We begin by writing the exponential map as
exp(z) = exp(x + iy=exp(z) - exp(iy),
so we get

d(exp(z)) — Oexp(x) exp(iy) dr + 0 exp(x) exp(iy)

ox Jy
9 exp(iy)
oy

dy

dy

11



which proves the first part.
Next, for clarity, we will write exp : C — C* as exp : w — 2, by z = exp(w).
Then we have (using the calculational formula)

exp*(z7'dz) = (exp(w)) 'dexp(w)
= (exp(w)) ™" exp(w)dw

= dw,

which proves the second part.

12



Cohomology Homework: Chapter 4
Daniel J. Cross

April 4, 2007

Problem 4.1 Consider a commutative diagram of vector spaces and linear
maps with exact rows

d @2 a3 d
A — 2 gy A A A LA
fi fa f3 fa fs
d a2 43 d
B—2 4+ 2,2, 2 ,B

Suppose that fo and f4 are injective and fi1 surjective. Show that f3 is injec-
tive. Similarly show that if fo and f4 are surjective and fy injective that fs is
surjective. Thus when f1, fa, fa, and fs are isomorphisms, so is f3.

We will show injectivity by showing that f3 has trivial kernel. Let ag €
ker(fs) so that fz(ag) = 0. We have d%(0) = 0, so that d%(fs(as)) = 0 =
f1(d%(a3)). fa is injective so we have d3(a3) = 0 and ag € Kerd?, = Imd?.
Thus there exists an as € Ay such that d?(az) = as.

Now we have f3(as) = f3(d4(az2)) = 0 = d%(f2(az)) so that fa(az) = be €
Kerd% = Imdy. Thus there exists a by € By with dy(b1) = be. Surjectivity of
f1 thus gives an a; € Ay with fi(a1) = by and dh(fi(a1)) = by = fa(dY(ar)).
Thus we have fa(dY(a1)) = f2(a2), but fa is injective so we have dYy(a1) = as.
Thus a3 = d?4(dY(a1)) = 0.

Next we prove surjectivity. Let b3 € Bs. Then d%(bs) = by € By and
d%(bs) = 0. fy is surjective so there exists an ay € Ay with f4(as) = by and we
have f5(d2(as)) = dj(fa(as)) = 0. But f5 is injective so we have d% (as) = 0
and thus a4 € Kerd} = Imd?. This gives an ag € Az with ay = d°(a3) and
fa(d(a3)) = d(f3(as)) = ba.

Next, let fs(as) = by € Bs. Then we have dg(by) = d%(bs) = by, or
d%, (b —b3) = 0. Thus by —bs € Kerdy = Imd%. So, there exists a by € By with
d%(by) = by — bs. fo is surjective so there exists an ay € Ap with fa(ag) = ba.
Then we have d%(fa2(az2)) = b — bg = f3(d%(az)). Thus we have

by = b — f3(di(az))



= fa(as) — f3(d%(az))
= falag — d(az)),

which proves surjectivity.
Problem 4.2 Consider the following commutative diagram

0

Ay

AQ%Az;%O

fi fa I3

0—— B ——— > By,———» B;————

where the rows are exact. Show that there exists an exact sequence

0 —- Kerfy — Kerfs — Kerf; —
— Cokf; — Cokfy — Cokfs — 0.

We can extend the columns by adding zeros before after, yielding the se-

quences

C*:0—>A1£>Bl—>0

D 0— A4, 2B, -0

E*ZO—>A3§>B3—>0.
since fior = f1(0) = 0 and 0o f; = 0 these sequences are actually chain
complexes, from which we wish to define the short sequence

0—C* %DM Er o,

where the chain maps g and h are the maps between columns of the original
diagram. This sequence is then exact since each row of the original diagram is
exact. Thus we can form the long exact cohomology sequence

0 — HYCY) L HDY) M omoEr) &
~ HY(c) L HY DY) B om@Eny Lo

Now we have

HO(C™) Ker fi
H°(D*) = Kerf,
HO(E*) = Kerf37



and likewise

HY(C*) = Bi/Imf; =Cokfy
H'(C*) = By/Im fo = Cok fo
H'(C*) = Bs/Im f3 = Cok f3,

which establishes the result.

Problem 4.3 In the commutative diagram

0 0 0

L

0

|

OHAQOHALOHAZOHA&OH---

L

OHAOJ HAI;I HAQJHA?)JH--'

L

OHAOQHA1,2HA2,2HA3,2H...

.

OHAO,?’HA1,3HA2,3HA3’3H---

b

the horizontal (A*?) and the vertical (AP*) are chain complexes where AP7 =0

if either p < 0 or q < 0. Suppose that

HP(A*%) =0 for ¢ # 0 and all p.
HI(AP*) =0 forp#0andallgq.

Construct isomorphisms HP(A*°) — HP(A%*) for all p.

If we denote by d;fn the map from A%/ to A", then commutativity of the
diagram gives di} o dJ} = di{ o d¥). So these two maps have equal kernels
but, since the second map of each composition is injective (H® of the first row
and column are zero), the kernels of the first maps are isomorphic, and thus

HO(AO’*) — HO(A*’O).
This is far as I've been able to get.



0 1 m—1
Problem 4.4 Let 0 — A° & A %4 . %0 An 5 0 be a chain complex and

assume that dim A’ < oco. The Euler characteristic is defined by

n

X(A*) = (~1)"dim A",

i=0
Show that x(A*) =0 if A* is exact. Show that the sequence
0 H'(A*) — A /Tmd* & Tmd’ — 0
is exact and conclude that
dim A* — dimImd'~! = dim H*(A*) + dimImd".
Show that .

X(A*) = (~1)" dim H'(A*).

=0

That x(A*) = 0 when A* is exact was proved in class - the alternating sum
of dimensions of spaces in an exact sequence is zero (provided they are all finite).
Next we need to show that the sequence

Ker d* . Al
Im di—1 Imdi-1

0— d—i>Imdi—>0,

is exact. We have Kerd® C A’ so that the corresponding quotients are subsets
and we can include the former in the latter. The inclusion is injective so the
first map is exact.

Next, let [z] € A*/Imd'~!. We want to define d*([z]) = d’(z). But we have

@) = d'(y+ () = d'(y) + d'(dH)(2) = di(y),

so that the map does not depend on representative. So, let 2 € Imd’, then
x = d'(y) for some y € A*. But then

so that the map d' is surjective.
Finally we need to show exactness in the middle. Suppose [z] € Im f.
Imdi~! C Kerd® so that € Kerd’. Then
d'([z]) = d'(z) =0,

so that [z] € Kerd’. Conversely, suppose [z] € Kerd’. Then 0 = d*([z]) = d'(z),
so that x € Kerd'. But then

[z] € Kerd'/Imd"~" =Tm f.



Thus the sequence is exact.
Since the sequence above is short exact, we have immediately that

dim(H*(A*)) + dim(Imd’) = dim(A*/Imd"™!)
= dim(4’) — dim(Imd"™").

Thus we can write

as

S (1) (dim(H(A%) + dim(Imd?) + dim(m d))

=0
= > (=D dim(H'(4")) + Y (~1)' dim(Im d’) + Z(—l)i dim(Im d'~1).
1=0 =0 1=0

But, we can write the last sum as

n

> (1) dim(Imd"™") =

=0

(1) dim(Imd*~1)

‘H‘M:
o

i
L

(—=1)7 + 1 dim(Tm d)

™

<
Il
3 o
I
—

(—=1)7 dim(Im d?),

(= L1

(—=1)7 dim(Im d’),

<.
Il
o

where the last line follows since dim(Im d™) = 0. Thus the final two sums above
cancel and we are left with

D (—1)'dim(AT) = (~1)" dim(H'(A")).
i=0 i=0
Problem 4.5 Associate to two composable linear maps
f:V1_>‘/27 g:‘/v2_>V37

an exact sequence

0 - Kerf — Ker(gof) — Kerg —
— Cokf — Cok(gof) — Cokg — 0.



More explicitly, we wish to construct the exact sequence

0 - Ke(f) < Kel(gof) L Ker(g) o

— V/im(f) L Va/tm(gof) = Vi/Im(g) — O,

where the first map is the inclusion which is injective. We note that for z €
Ker (f) that (g o f)(z) = g(f(x)) = g(0) = 0 so that z € Ker(g o f) and
the inclusion is defined. f’ is the restriction of f to the indicated domain. If
x € Ker (go f) then f(x) is in Ker (g) so the map is well defined. ¢’ is the map
given by ¢'([z]) = g(x), which is well defined since

[9(x)] = [9(y + (2)] = [9(y) + 9(f(2))] = [9(v)].

The map m; is the map sending x to its equivalence class in the quotient
Ker (g)/Im (f'). This map is well defined since for = € Ker (g o f) we have

0=(gof)(x) =g(f(2)) =g(f'(2)),

so that f/(z) € Ker (g), that is, Im (f") C Ker (g). Finally, since Im (g o f) C
Im (g) we have V3/Im (g) C Va/Im (go f) and 73 is projection onto this subspace,
which is surjective. It remains to prove exactness at the middle four steps.
First, since Ker (f) C Ker (g o f), Ker (f') = Ker (f) so Im¢ = Ker (f).
Next, if m(z) = 0 then x € Im(f’) since [0] = Im(f’). Conversely, if
x € Im f then m (z) = [z], where [2] = z + Im (f) = Im (f) so that [z] = 0.
Next, let © € Ker (g), then ¢'(m1(z)) = ¢'([z]) = g(z) = 0, so [z] € Ker (¢').
Conversely, if [z] € Ker (¢') then 0 = ¢'([z]) = g(z), so € Ker(g), but then
[] € Im (7).
Finally, let [x] € Ker (12). Then x € Im (g), that is, z = g(y) for some y.
But then [¢'[y]] = [9(y)] = [z], so that [z] € Im (¢’). Conversely, if [z] € Im (¢’)
then z € Im (g) and w2 ([z]) = 0.



Cohomology Homework: Chapters 5 & 6

Daniel J. Cross

December 7, 2006

Problem 5.3 Can R? be written as R? = U UV where U and V are open
connected sets such that U NV is disconnected?

We have part of the Mayer-Vietoris sequence

0 — HUUV) — H'U)®H(V) — H'UNV) — HY (UUV),
which becomes
0 - R - ReR L mOWNV) — o

since U, V, and R? are all connected, and we know H'(R?) = 0. This sequence
is exact so the map f must be onto, so dim H°(U N'V) < 2, in particular it is
finite. Thus we have

dimR — dimR @R+ dim H* (U NV) =0,

or dim HO(U NV) = 1, so that U NV must be connected. This result holds for
each R™, since their respective cohomology groups are isomorphic.

Problem 5.4 Suppose p # q belong to R™. A closed set A C R"™ is said to
separate p from q when p and q belong to two different connected components of
R™ — A.

Let A and B be two disjoint closed subsets of R™. Given two distinct points
p and q in R™ — (AU B), show that if neither A or B separates p from q, then
AU B does not separate p from q.

Denote the open complements by A = R™ — A and B = R" — B. We have
AUB=R"—-A)UR" - B)=R"— (AN B) =R".

Suppose that both consist of a single connected component. Then we have part
of the Mayer-Vietoris sequence

0 — H°AUB) — H°A)®H°B) — H°(ANB) — HY(AUB),



which becomes
0 - R - R&R — HANB) — 0,

which shows that H 0([1 N B) is 1-dimensional and thus consists of a single
connected component. Since all the complements consists of a single connected
component, none of them separate points which proves the theorem in this case.
The full result will follow by showing that it can always be reduced to the present
special case.

For more general sets A and B we can write them as a (possibly uncountable)
sum over connected components

A = JaA
B = |JB,

and we can write the complement as a (countable) sum over connected compo-
nents

i = A
B = s
Now, since AN B = () each connected component of one must be contained

within a connected component of the complement of the other, that is, for each
j there exists and ¢ such that

<.

o g

Bj C
AJ‘ C IR

Now, suppose that the points p and ¢ are contained in the sets le and le
(they are not separated). Then both points are contained in the intersection
A;, NBj,. We will now removed the extraneous components of the complements
of the sets A and B without changing the relevant intersection of the connected
components containing the points.

For every i # i1, add the component A; to A, creating a new closed set
which we will continue to call A. This does not change A;,, so A;, ﬂéjl remains
unchanged. Now, such a component of A may contain a component B; of B.
If so, remove this component from the set B, obtaining a new closed set which
will continue to call B. This may change the set B;,, but not its intersection
with flil, since the change is happening in an open set A, i # i1. Repeat this
process until flil is the only remaining component of the complement of A.

Now we do the same procedure with the components of the complement of B
which also doesn’t change the desired intersection of sets by the same argument
as for A. We continue until the complement has the one remaining component
B“. Then each complement has exactly one component and the result follows
from the special case.



Problem 6.1 Show that “homotopy equivalence” is an equivalence relation in
the class of topological spaces.

First we need to first show that for any topological space X, X ~ X. Let
f=g¢=1idx, then

fog:gof:idxoid_x:idx’:idx.

Next we need to show that if X ~ Y, then Y ~ X, but this is obvious from
the definition.

Finally we need to show that if X ~ Y and Y ~ Z that X ~ Z. We first need
the following result. Suppose we have f ~ f’, then go foh ~ go f’ o h, where
g and h are continuous maps. Let F(z,t) be the homotopy with F(x,0) = f(x)
and F(z,1) = f'(x), then define a new homotopy G(x,t) by G(z,t) = g(x) o
F(z,t) o h(x). Then we have G(z,0) = g(x) o F'(z,0) o h(z) = g(x) o f(x) o h(x)
and G(z,1) = g(z) o F(z,1) o h(z) = g(x) o f'(x) o h(z). G(x,t) is continuous
since it is the composition of continuous maps.

Now, we have the following maps

f: X->Y gof =~ idx
g : Y—=X fog =~ idy
e Y—=2Z g of ~ idy
g  Z-Y flog =~ idz.

We will define the maps f” : X — Z and ¢" : Z — X by

/o= fof

9" = godg,
then we have

g"of" = (gog)o(fof)
go(g'of)of
goidy o f
gof

~ idy,

flog" = (ffof)olgoyg’)
flo(fog)od
floidyog
flog

~ idg,

R

where we have used our result above.



Problem 6.2 Show that all continuous maps f: U — V that are homotopic to
a constant map induce the 0-map f* : HP(V) — HP(U) for p > 0.

Since homotopic maps induce the same maps on cohomology groups (Thm. 6.8)
we need only check the case when f is a constant map. So, let f be the constant
map f(z) = yo for every x. The induced map on cohomology is given by

HY(f) + [w] = [f ()],

where the induced map on (p-) forms is given by

(f*w)m(gla o afp) = wf(w)(Dmf(fl)v .. 7DTf(§;D))

Now, if p = 0 this reduces to

(ffW)z = w(a)s

the constant O-form. However, if p > 0, then D, = 0 since the map f is constant,
and we have

(ffw)e(&1s- -, &) = wi@)(0,...,0) =0.
Thus [f*(w)] = [0] = 0, so that H?(f) is the zero map for p > 0.

Problem 6.3 Let py,...,pr be k distinct points in R™, n > 2. Show that

R ford=n-—1
HYR™ —{p1,....,pe}) =S R ford=0
0 otherwise.

We will first take the case n = 1 and suppose one point p is missing (k = 1).
Then we set U = (—o0,p) and V = (p, 00), which gives R — {p} = U U V. The
Mayer-Vietoris sequences gives

0 — HY(UUV)

o HU)® H (V) — HY(UNV) —
— U —

: H (U)o HY(V) — HYUNV)

0,
which becomes, since U and V are star-shaped with empty intersection,

0 — H(UUV) — RO®R — 0 —

— HYUOUV) — 0 - 0 — 0,
so that dim HO(U U V) =2 and dim HY(U U V) = 0.

Now we proceed by induction on k to show that H! = 0 for R minus a finite
number of points (we already know dim H° = k + 1, the number of connected
components, but we’ll get this too).

Let X =R —{p1,...,pr}. We can write X as the union of k + 1 disjoint

open intervals separated by the {p;}. In particular, we write X = U UV, where

U = (—00,p1) U(p1,p2)U---U(Pr—1,Pk),



and

V= (pkv OO),
where we have assumed without loss of generality that p; < p; for i < j. But
then Mayer Vietoris gives

0 — H(UuV) — H(U)®H°(V) — H(UNV) —
— HYUUV) — HY\U)®HYWV) — HYW\WUNV) — 0,

which becomes

0 - H(UuV) — RoRF —
— HYUUV) — 0 —

using the induction hypothesis on V' which is a union of k disjoint intervals.
Now we have the two exact sequences

0 — H(UUV) — R&RF — o0

and
0 — HY{UuUV) — o

Thus we get that HO(U U V) 2 R*¥! and HY (U U V) 0.

Now that we know the cohomology groups of R minus a finite number of
points, we will exploit Prop 6.11 to extend the result to R™. First, since the
number of points is finite we can always find a diffeomorphism taking those
points onto the subspace R*~! C R”, and we can calculate assuming this rear-
rangement since cohomology groups are diffeomorphism invariants. We will now
assume our space to be replaced with this diffeomorphic image. Let A stand for
the set up k points removed from the subspace R”~! of R™.

First we extend to R?. Prob 6.11 tells us that

H?(R? — A) H'R-A)=0
HY(R? - A) H°(R — A)/R = R¥1/R =~ RF
H(R?2 - A) = R,

IR

I

which is the intended result. Next we extend to R®

H3R3—A) =~ H*R?®-A)=0
H*R®—-A) =~ HYR?-A)=R*
H'(R® - A) = H°R?-A)/R=R/R=0
HOR? —A) = R,

and at this point the further induction to R™ is clear: HY stays R, H' will be
R/R = 0, H" 2(R"! — A) — H" Y(R" — A) = R*, and the rest stay zero,
which establishes the result.

Problem 6.4 Suppose that f,g : X — S™! are two continuous maps, such
that f(x) and g(x) are never antipodal. Show that f ~ g.

Show that every non-surjective map f : X — S™ 1 is homotopic to a con-
stant map.



Regard the n — 1 sphere as a subspace of Euclidean space:
St ={yeR": |yl =1}.
We intend to construct a homotopy F : X x [0,1] — S"~! between f and g by

(1—t)f(z) +tg(x)
F(x,t) = ,
o V1+2t(1=)({f(x),9(x)) — 1)
where (, ) is the Euclidean inner product. We then have
B /(@)
V1+20)1)({f(2),9(x)) — 1)

F(z,0) = f(),

and

F(z,1) = 9(2) = g(),
V1+22)(0)(f(2), g(x)) —1)
so we need to show the map is well defined.
First, we must have the expression under the square root be non-negative.
We have

-1 < (f(z),9(x) <1

-2 < (f(x),9(x)) —1 < 0

-1/2 < (1 -t)({f(z),9(z)) — 1) < 0

S1< 21— D({feg@) 1) < 0

0 < 1+20-(f@)ng)-1) = 1,
where the 3rd line follows since 0 < t(1—¢) < 1/4, since 0 < ¢ < 1. Thus we only
have trouble when the expression is 0, which is when (f(x),g(x)) = —1, that

is, when f(z) and g(x) are antipodal, but by hypothesis this does not occur, so
our map is continuous.

Second, we must have this map actually map into the sphere. We have for
|F(, )|

(1= 8)f(x) +tg(x)
VI+2(1 - (@) () — 1)

_ < (1—t)f(x) + tg() (1—1)f(x) + tg(=) >
V1421 —#)(¢

(1 8)%(f(2), f()

(1—t)2+2t(1 —t)f(x) - g(x
14+ 2t(1 —t)(( )
1-2t(1—-¢t)+2
1+ 2¢(1 —t)(
1+ 21— 8)((f(2),g(x
1+2t(1 = ¢)((f (), g(
= ]_’




where we used the fact that (f(z), f(z)) = (g(z),g(x)) = 1, since these maps
are into the sphere. So our map does map into the sphere and is well defined.

As a corollary to this we prove the second part of the problem. If f is a
non-surjective map into the sphere, then there exists a point yo € S™~! such
that f~!(yo) = (. Define the constant map g : X — S"~! by g(z) = y; for
every x, where y; is antipodal to yo. Then f(x) and g(x) are never antipodal
since gy isn’t in the image of f, so we can construct a homotopy between them
as outlined in the first half of the problem.

Problem 6.5 Show that S"~! ~ R"™ — {0}. Show that two continuous maps
fo, fr: R" = {0} — R" — {0},
are homotopic iff their restrictions to S"~' are.

That that these two spaces are homotopic was proved in class.

Now, suppose that the two maps fy and f; are homotopic. For clarity of
notation let X = R™ — {0} and Y = S"~1. We can regard the restrictions of
these maps as being the the identity on X restricted to Y and the composed
with the maps themselves:

foly = fooidxly

and
fily = froidxly,

which are both compositions of continuous maps, so we have
fo~fi—fo Oidx|y ~ fi Oidx|y,

or foly =~ fi|y. There is nothing here particular to the case at hand - restrictions
of homotopic maps are homotopic.

One the other hand, suppose the restricted maps are homotopic and let
g:Y — X and f: X — Y be the maps defining the homotopy equivalence.
Then we have

gof ~ idx
fio(gof) =~ fi

But, g o f is in this case the map

ma

mapping X onto Y. Thus we can regard f; o (g o f) as the restriction of f; to
Y. Thus fily ~ fi, and we have

N1~ fily = foly = fo,

since the restrictions are homotopic by hypothesis.



Problem 6.6 Show that S™~' is not contractible.

A space is contractible if it has the same homotopy type as a point, or equiv-
alently R™. Thus a space is contractible only if it has the same cohomology
groups as R™. But we now know that S"~! ~ R"™ — {0}, so we have (n > 2)

n ~ n— ~ R = 0, n — 1
HP(R™ —{0}) = H(S h= { 0 ](Ztherwise,

But, on the other hand, from Thm. 6.13 we have,

my~ ] R p=0
HP(R™) = { 0 otherwise,
so these groups are not all isomorphic (there are two nontrivial groups for the
first space, only one for the second).
Finally, for the case n = 1 we need to compute the groups for R— {0}, which
has two connected components, so H'(R — {0}) = R @ R, so the “0O-sphere” is
not contractible either.



Cohomology Homework: Chapter 7

Daniel J. Cross

December 13, 2006

Problem 7.1 Show that R™ does not contain a subset homeomorphic to D™
when m > n.

Let A CR™ and ¢ : D™ — A a homeomorphism with D™ C R™. Then the
restriction of ¢ to the interior of D™ is a homeomorphism onto the interior of

[e]
A. But the interior of D™ is homeomorphic to R™, so we have A= R™.

However, we can consider the inclusion ¢ :&f—> R"™, which maps & homeo-
morphically onto the proper subspace R™ C R™. But this set is homeomorphic
to R™ so must be open by invariance of domain, which is a contradiction since
it is a subset of a proper subspace.

Problem 7.2 Let ¥ C R™ be homeomorphic to S* (1<k<n-2). Show that

R forp=0n—k—-1n-1

PIR™ _ 3 o
H(R %) _{ 0 otherwise.

By Theorem 7.8 we have the isomorphisms
HP(R™ — %) = HP(R" — S*),

so we will compute the latter groups. We will further consider S¥ ¢ RF+1 ¢ R™.
First we have

HP(R" — §"~1) = HP(D") @ HP(R" — D").

The first set is star shaped, so we get R for p = 0 and 0 otherwise, while the
second set is homeomorphic to R™ — {0}, so we get R for p = 0,n — 1 and 0
otherwise, so all together we get

RepR p=0
HP(R" — §"~1) =~ R p=n-1
0 otherwise.

Next will iteratively apply Proposition 6.11 to extend this result. First we
get
R p=0,1,n

P n+l _ gn—1\ ~
HP (R S )_{ 0 otherwise,



and more generally,

R p=0,a,n+a—1

D n+a _ gn—1\ ~
HP(R S )_{ 0 otherwise.

In the present case weset n—1=kandm=n4+a=n+k—1. Thusa=k—1
andn+a—1=(m—a)+a—1=m—1, so we get

R forp=0m—-k—1,m—1
0 otherwise.

HP(R™ — Sk) = {

Problem 7.3 Show that there is no continuous map g : D™ — S"~1 with
g|Sn71 ~ Z‘dsnfl.

We follow the proof of Lemma 7.2 except that the function g satisfies g|gn—1 =~
idgn—1. Then the function g(tr(z)) defines a homotopy between g(r(x)) and
g(0), a constant map. Thus we have

9(0) = g(r(z)) ~idor(z) = r(z),

so that we still obtain a homotopy between r(x) and a constant map, so the
rest of the argument still holds.

Problem 7.4 Let f: D™ — R™ be a continuous map and let r € (0,1) be given.
Suppose for all z € S~ that ||f(x) — z|| < 1 —r. Show that f(D™) contains
the closed disc with radius r and center 0.

Suppose the conclusion false, then there exists a point g with ||zo|| < 7 and
xo # f(z) for any € D™. As in the Brouwer Fixed Point Theorem, we we
wish to define a function g(x) to be the intersection of the half line from zy to
f(z) with S"~1 which is well-defined as x¢ and f(z) are always distinct. The
function g(x) is defined as

zo — f(x)

9(@) =20 H I TR

with ¢ given so that ||g(x)|| = 1, that is

t=—zo-u+\/1—[[xol]® + (z0 - u)?,

where
ro — f()
|lzo — f()]’

and thus g(z) is continuous.

If we can show that the restriction of g(z) to S"~! is homotopic to the
identity then by problem 7.3 we have a contradiction, so that g(x) cannot exist
and neither the point zg. We prove this next.

Let z € S™~! and let D, be the solid ball of radius 1 — r centered on z, and
let Dy be the solid ball of radius r centered on 0. Then Dy and D, intersect in



an unique point p, and moreover this intersection defines a n — 1 dimensional
tangent hyperplane in R® ~ R"~! x R, and let z be the coordinate function in
the direction orthogonal to the hyperplane oriented so that z(p) < 0 (z(p) # 0
since Dy has radius r > 0). Then for every y € D,, y # p, z(y) < z(p) < 0, in
particular z(z) < 0 and z(f(x)) < 0.

Now, if g = p then f(z) # p and 2(xo) = 2(p) > z(f(x)). Likewise if ¢ # p
then z(zg) > z(p) > z(f(x)). Thus in either case we will have z(zg) > z(f(z)),
but z(f(z)) <0, so that z(g(x)) < 0 as well. Thus x and g(z) are always on the
same side of the hyperplane, so, in particular, they are never antipodal points.
Thus by problem 6.4 g(x) is homotopic to the identity on S™~1.

Problem 7.5 Assume given two injective continuous maps o, 3 : [0,1] — D?

such that
a(0) = (=1,0), «ofl) = (1,0),

Prove that the two curves a and 3 intersect.

We will use o and 3 to denote the maps and their images in D?. o may be
in the boundary of D? at places but we can assume that o N 3(1) = (). Thus
there must exist a neighborhood N of §(1) with B Na = (). Moreover there
are points t1,ts € [0,1] with the property that a(t1),a(ta) € S, a(t) ¢ S! for
t1 <t < ta, and B(1) is between «(t1) and a(tz). We have, at the least, that
t1:0andt2:1.

We consider S! to be parametrized by angle in the usual way and let §; and
02 be angles corresponding to the points «(t1) and «(ts) respectively. We note
that 61 > 05.

Now we wish to define a map ¢ : S* — D? by

a(Tltg—l—(l—Tl)tl) 0<0<06y
@(0) = (cos(0),sin(6)) 02 <6< 6
o (TQtQ + (1 — Tg)tl) 0, <0 <2,

where we have

T — 0—0;+27

L 0> — 01 + 27
60— 61

T = — .

2 0> — 01 + 27

This function is certainly piecewise continuous, but it’s easy to see that
the pieces agree at their points of overlap (including ¢(0) = ¢(27), so ¢ is
continuous. Moreover, it is injective, so the image, X, of ¢ is homeomorphic to
S1 (I suppose this needs further justification - such as showing that ¢ is an open
map, sending open sets to (relatively) open sets in the image).

Thus, by the Jordan-Brouwer Separation Theorem, R™—3 has two connected
components U; and Us, the former bounded, the latter unbounded, and ¥ is
their common boundary. Moreover we have that XN9D? = ¢(#) for 6 < 6 < 6.



We have (1) € ¥ and 3(0) € Us. There is a tg € (0,1) such that for every
t < tg, B(t)NE = 0. We can suppose that 8(tg) # a(t1), a(t2), so that for some
t' < top we have 3(t') € U;. Thus we have a curve from U; to Us which must
intersect the boundary ¥ along ¢(f) for 0 < 6 < 67 or 6; < 6 < 27, that is, it
must intersect along a.



Cohomology Homework: Various Problems

Daniel J. Cross

January 6, 2010

Problem 8.4 Set T" = R"/Z", i.e. the set of cosets for the subgroup Z" of
R"™ with respect to wvector addition. Let m : R™ — T" be the canonical map
and equip T™ with the quotient topology. Show that T" is a compact topological
manifold of dimension n. Construct a differentiable structure on T™, such that
m becomes smooth and every p € R™ has an open neighborhood that is mapped
diffeomorphically onto an open set in T™ by w. Prove that T' is diffeomorphic
to St.

To show T™ is a topological manifold we must show that it is Hausdorff,
second countable, and locally homeomorphic to R™. We first show 7 is a local
homeomorphism. In the quotient a ~ b iff a — b is a vector with integer coef-
ficients. It follows that if ||a — b|| < 1 then a ~ b iff a = b. Thus on any open
ball of radius 1/2 of any point p € R™, 7 is injective and a local inverse exists.
To show 7 is a local homeomorphism we need only show that the local inverses
71 are continuous, i.e. that 7 is an open map. Let U € R™ be open. We need
to show V = 7(U) is open. But in a domain of injectivity, U = m=*(V) is open,
thus V' is open by definition of quotient topology. Thus 7 is open and therefore
a local homeomorphism.

Now we show T™ is Hausdorff. Actually, the maximal domain on which 7
is a local homeomorphism are hypercubes of side length one. Let p # ¢ € T™.
Choose pre-images of p and ¢ within distance one of each other and consider
a domain of injectivity containing those pre-images. Since R™ is Hausdorff
there are disjoint open sets U and V separating those pre-images. They can be
assumed small enough to be contained in the domain of injectivity. Since 7 is a
local homeomorphism 7 (U) and 7(V') separate p and q.

Finally, we show T™ is second countable. Let U € T™ be open. Then
V = 7~1(U) is open in R"™. But R" is second countable so V can be expressed
in this countable basis. The image under 7 of these basis elements gives U.
Thus the image under 7 of the basis for R™ yields a countable basis for 7.
Thus T™ is a topological manifold.

Next we show that 7" is compact. Suppose that UU, is an open cover of T".
The pre-image under 7 of that cover covers R™. Now any closed hypercube of
R™ of side length one is a compact subset that maps onto 7™ under 7. Choose
a finite subcover of the hypercube. Its image under 7 provides a finite subcover
for the original cover of T™.



An atlas for T™ can be constructed using domains of injectivity for . The
overlap maps are of the form 7~! o 7 and can be seen to correspond to transla-
tions in R™, which are smooth. The map 7 is smooth if the composition 7~ o
with a chart map is smooth, which we have already showed.

Finally we show T! = S'. Consider S' as the unit complex numbers, S! =
{z € C:||z]| = 1}, so that z = ¢, # € R. Define a map ¢ : T* — S' by
¢(z) = exp 2mim—1(x). This is well defined for if y; and y2 are both pre-images
of z under 7 then yo = y; + a, a € Z and

d(x) = exp 2miys
= exp27i(y1 + a)
= exp 27y + exp 27mia

= exp 2miy; .

Similarly it follows that ¢ is injective and it is easy to show ¢ is surjective.
It is tedious but straightforward to show that ¢ is both continuous and smooth,
from which the result follows since T is compact.

Problem 9.9 In the vector space M = M, (R) of real-valued n x n matrices we
have the subspace of symmetric matrices S,. Define a smooth map ¢ : M — S,
by

d(A) = A'A,

where A! is the transpose of A. Note that the pre-image ¢~(I) of the identity
matriz is exactly the set of orthogonal matrices O(n). Show that for A € M and
B € M we have

Daé(B) = B'A + A'B.

Apply Ez. 9.6 to show that O(n) is a differentiable submanifold of M, (R).
Interpreting tangent vectors as velocity vectors to curves we have

d

Dag(B) = P

o(v(1)),

0

where « is any curve that satisfies v(0) = A and 4(0) = B. Since M is the set
of all matrices the curve v(t) = A 4 tB will suffice. We then have

(A+tB)" (A+tB)= A'B + B'A.
0

d
Da¢(B) = %

Now O(n) = ¢~1(I) is a submanifold if ¢ is a submersion. Now D¢ : Ty M —
Ty(aySn. Since M ~ R?", Ty M = M. Similarly S,, is a linear subspace of M
(since for any symmetric Sy, S, aS1 + bSs is symmetric for real a,b) we have
TS, = S,. So we must show that for any symmetric matrix S there is a
solution B to the equation A*B 4 B'A = S. If we write B = AC then we have

A'B + B'A = AY(AC) + (C'AYA = 2C,

so we are done if we take C' = S/2 since then C* = C.



Problem 9.10 A Lie Group G is a smooth manifold, which is also a group,
such that both

w:GxG—G; p(gi,92) = 9192,

and
i:G—Giilg)=g",

are smooth. Show that the group O(n) of orthogonal n X n matrices is a Lie
group.

The previous exercise showed O(n) is a differentiable manifold. It is a group
under matrix multiplication since the determinant condition is preserved. It
remains to show that the group operations are smooth. But these are rational
analytic functions in the entries of the matrix (Cramer’s rule for the inverse),
and so smooth.

Problem 10.1 Let 7 : R? — T? be as in Ex. 8.4, and let

Ui =7 (R x (0, 1)), ngﬂ(Rx (é;))

Show that Uy and Us are diffeomorphic to S' x R, and that Uy N Uy has two
connected components, which are both diffeomorphic to S1 x R. Note that Uy U
Uy, = T2. Use the Mayer-Vietoris sequence and Cor. 10.14 to show that

HY(T?) ~ H*(T?) ~R and HY(T?) ~ R%

It is apparent from 8.4 that 72 = 8! x S! and that 7 commutes with the
Cartesian product. Hence we can write m(A x B) = m1(A) x m1(B), in an
obvious notation. Now 71(R) = S1. On the other hand (0,1) = R, but is
equal to a maximal domain of injectivity of 7o, hence the image of m2((0,1)) is
diffeomorphic to R, and the product is therefore diffeomorphic to S* x R, which
has the homotopy type of S!.

If we take (0,1) as fundamental domain for the second factor then (0,1)
and 7y 'my(—1/2,1/2) have two overlapping regions, (0,1/2) and (1/2,1), both
intervals diffeomorphic to R. Therefore the images under 75 are two disjoint
open sets diffeomorphic to R in S!. The intersection of U; and U; are therefore
the Cartesian product of these intervals with S?.

The Mayer-Vietoris sequence for Uy, Uy, U1 NUs, and U; UUy =2 T2 is

0 — HO(TQ) —_— HO(Ul)EBHO(Ug) —_— HO(UlmUQ) —_—
—_— Hl(T2) _— Hl(Ul)EBHl(Ug) _— Hl(UlmUQ) E——
L HAT?) —— HX(Uh) @ H2(Us) ——— H2(Uy NUs) ——— 0.

Since U; and U, have the homotopy type of S' their cohomology groups are
given by HO(U;) = HY(U;) 2 R and H?(U;) = 0. Since Uy N Uy is the disjoint



union of two sets, each diffeomorphic to either U; or Us, its cohomology groups
is the direct sum of the groups of each U;. The sequence becomes

0 —— HO(T?) R? R2 —— HY(T?)

— R R’ H2(T?) —— 0,

and there is not yet enough information to determine the relevant groups. How-
ever, since the alternating sum of dimensions must vanish we have dim H® +
dim H? = dim H'.

Now by Cor. 10.14 if a space M is a compact and connected manifold then
H"(M) = R. A further corollary is that for M compact H"(M) = H°(M), since
the latter counts connected components. This can be considered a special case
of Poincaré duality. It follows that dim H° = dim H?2. Since T? is connected we
have H°(T?) = R, and the result follows immediately.

Problem 10.2 In the notation of Ex. 10.1 we have smooth submanifolds
Cr= F(R X {a’})a Cy = W({b} X R)v (avb € R)v

of T? which are diffeomorphic to S*. They are given the orientations induced
by R. Show that the map

QNT?) — R?* w (/ w,/ w),
Ch Cs

induces an isomorphism H(T?) — R2. Show that this isomorphism is indepen-
dent of a and b.

It follows by Stoke’s theorem that this map is well defined on cohomology
since the integration domains are boundaryless. It is manifestly linear, thus a
homomorphism. It remains to show it is injective. The kernel consist of those
closed one forms w such that [, w= [, w=0. Now

Joom Lo 2

— [, gdogdy (2)
7=1(C)

= /0 f(v(t))%fdt + g(v(t))%dt (3)

where the functions f and g must both be periodic in (z,y) with period one.
For C; we take v = (¢,0) and for Cy v = (a,t) with ¢t € [0,1]. In the first
case the integral reduces to
1
| e,
0
1

/0 g(a,t)dt.

4

and in the second to



Now, since w is closed and exterior differentiation commutes with pullbacks
we have dn*w = 0, which gives

(ag—af)dx/\dyzo,

or Oy
or
99 _of
or Oy’

Now consider the integral over C;. We have

! [P Of(ty)
ysz f(tay)dtf/o 8y

1
_ / Og(t,b) .,
0

ox

=g(1,b) — 9(0,b)
=0,

dt

9
dy

where we used the Fundamental Theorem of Calculus and that g is periodic. A
similar results holds for the integral over C5. In both cases the result is that
the values of the integrals are independent of the choices of b and a.

Now every closed form on R? is exact, so there exists a function F with
dF = m*(w) = fdx + gdy. Hence f = F, and g = F},. If F is periodic is defines
a function on T2 whose exterior derivative is w. Now the integral over C; can
be written

0= /01 f(t,y)dt

1
-/ OF (1)
0 530

= F(1,b) — F(0,b),

and from the Cs integral we have F(a,1) = F(a,0), and both of these are
independent of a and b. It follows that F' is periodic, from which the result

follows.



