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A T-matrix formalism is used to calculate local electric fields around clusters of prolate spheroids in the
long-wavelength regime. The calculations are performed as a function of interparticle distance as well as
angle of orientation. The observed red shifts in the resonant wavelengths of the characteristic peaks are
shown to obey an exponential relationship as a function of interparticle separation and a sinusoidal
relationship as a function of angle of rotation of the spheroid. The behavior of the cluster is discussed
and the two effects of separation and rotation are compared.

1. Introduction

Optical properties of systems of particles whose size is
smaller than the wavelength of the incident electro-
magnetic radiation have been studied for a long
time," 2 but the effect of the clustering of such parti-
cles is not yet well understood. Recent interest has
developed in this subject because clustering is essen-
tial to the understanding of many physical processes
of interest. Moreover, the current calculations of
local scattered electric fields are directly applicable to
fields such as surface-enhanced Raman scattering
and light scattering and absorption from metallic
colloids in alkali halide crystals.3-8

Clusters of spheres have been analyzed, primarily
in the radiation zone9-12 or with the use of an
electrostatic approach.'0"13 The purpose of this study
is to calculate the local electrodynamic field around
clusters of two prolate spheroids in the long-wave-
length regime as a function of the separation between
them and of their relative orientations by using a
T-matrix approach, which describes electromagnetic
scattering for a general wave that is incident on
objects of arbitrary shape. Although the formalism
can be used to calculate important parameters in the
radiative regime, such as scattering cross sections,
the local fields are the major concern here.

The T-matrix method permits an electrodynamic
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approach that considers vectorial multipolar fields, in
contrast to other recent electrostatic approaches that
consider scalar multipolar potentials. 0 The exten-
sion to two scatterers is achieved by using an effective
T matrix for more than one scatterer, which retains
all the advantages of the T matrix for the single
scatterer and also permits calculations for scatterers
made up of clusters of metallic particles of arbitrary
shape. The rotation of the individual T matrices
corresponding to any given particle is achieved by
using a transformation of the spherical harmonics
under finite rotations. This study extends previous
research on the calculations of the scattered electric
field in the vicinity of clusters of metallic scatterers.14
In this vicinity two-particle clusters of various config-
urations gave enhancements of up to 103 and demon-
strated the existence of a critical distance greater
than the touching distance between the scatterers at
which maximum enhancement was obtained.

We demonstrate that because of clustering interac-
tions the calculated spectrum shows two peaks for the
case of clusters of two small prolate spheroids aligned
in the direction of the incident electric field, in
contrast to the spectrum of the isolated small prolate
spheroid that has only one peak. The principal peak
decreases in intensity and shifts exponentially as a
function of interparticle distance to the value of the
resonance for the isolated spheroid, whereas the
secondary peak has a vanishing intensity that de-
creases exponentially as a function of interparticle
distance. A decoupling interparticle distance d of
4b, where b is the semimajor axis of the prolate
spheroids that make up the cluster, is observed. At
that distance the behavior of the cluster near any one
of the two constituent particles equals that of one
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isolated spheroid. It is shown that there is also a
shift in wavelength to the red as a result of the
rotation of the spheroids and that this shift varies
sinusoidally as a function of orientation.

For all the calculations herein, silver was taken as a
model metal by using the complex frequency-depen-
dent dielectric function reported in the literature for
the bulk material,' 5 although the method is applica-
ble to any material for which the complex dielectric
constant is known. For the range of sizes used in
these calculations, an electronic mean free path re-
duced by the boundary of the scatterer or quantum
size effects could introduce some modifications to the
data for silver used here.

Section 2 presents the T-matrix formalism devel-
oped for isolated particles and its modification for
metallic clusters. The calculations are done as expan-
sions in vector spherical harmonics tn, whose num-
ber n corresponds to terms in the multipolar expan-
sion of the electromagnetic field. Because our main
objective is to study clusters, spherical harmonics are
used as a convenient basis. A rotation of the T
matrix corresponding to a single scatter is performed,
permitting consideration of geometries where the
spheroids in the cluster have arbitrary relative orien-
tations.

Section 3 presents the calculation of the local
electric fields for these clusters. The clusters are
analyzed as a function of separation between sphe-
roids and as a function of angle of orientation with
respect to the incident wave. The rate of change of
the wavelength shift as a function of interparticle
distance and angle of orientation is then discussed.
In Section 4 conclusions are presented.

2. Formalism

A. Single Scatterers

The T-matrix formalism developed by Waterman16
takes into account multipolar contributions, which
are essential for any valid calculation of local fields of
single nonspherical particles as well as for all clusters
even when they are in the long-wavelength regime.
The formalism also takes into account phase-retarda-
tion effects caused by the size of the scatterers, which
are important for particles and clusters whose sizes
are comparable with the wavelength of the incident
field.

In this method the scattered, internal, and incident
fields are expanded in terms of the corresponding
elementary fields that are a basis set of solutions for
the vector Helmholtz equation,

V x V x - k2 '= . (1)

The incident go and internal hi fields are expanded in
terms of the basis that is regular at the origin Re I
and the scattered es field in terms of the nonregular I

one,

o= An Re In,

Ei = z Dn Re In,
n

Es = z FnInI

I r < rmin,

I r I > rmax

where An are known coefficients, Dn and Fn are
unknown, rmin is the radius of the maximum sphere
inscribed in the scatterer, and Rma, is the minimum
sphere inscribing the scatterer.

The elementary wave functions are expressed as

'Tamn(r) = ymn'/ 2 (k-'V x)[kryumn(P)hn(kr)], (3)

where T = 1, 2, C = even(e) or odd(o), n = 1, 2,...,
m = 0, 1, ... , n,

(2n + 1)(n - m)!
zYn= em 4n(n + 1)(n + m)!

Yemn(P) = cos(m4))Pnm(cos 0),

Yomn(P) = sin(m-F)Pnm(cos 0).

The index r = 1 2 describes the type of excitation,
magnetic or electric; Em is the Neumann symbol
defined as E0 = 1 and Em = 2 otherwise; n is the order
of the multipole; and or gives the parity of the
elementary functions. The regular form of the basis
functions are obtained by substituting the Hankel
functions with the Bessel functions.

The surface currents on the scatterers are used to
express the expansion coefficients of the internal field
with those of the scattered and incident fields, respec-
tively, by the following relationships:

F = -i Re(Q')G, (4)

A = iQ'G, (5)

where G represents the vector of the expansion
coefficients of the internal field and Q' represents the
transpose of the Q matrix. For a particle with a
complex dielectric function, Q is given by

Qnn= - ds{[ V x Re In(kr)] x V'I(kor)

+ Re In(kr) x [V x WnI(kor)]}, (6)

where k 2 = ext()2/C2 and k2 = EItW2/C2, s is the
surface of the scatterer, and Tn(kr) is substituted by
Re 'In(kr) wherever Re Q appears. In our case Ee,,t =
1 (vacuum) and Eint is the corresponding value for
silver.

Equation (5) permits the calculation of the internal
field, at least when I r < rmin. Eliminating G from
Eqs. (4) and (5), we obtain a relation between the
coefficients of the scattered and incident fields:

F = TA, (7)
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where T is the T matrix of the single scatterer defined as

T=-Q-'ReQ. (8)

With Eq. (2) the local fields can be calculated for
ir < rmin by using the Q matrix and for r > r by
using the T matrix, but the region r,, > r > rin is
forbidden because the convergence of the expansions
of Eq. (2) is not ensured. Some research has been
done to improve on this shortcoming; Bringi and
Seliga17 proposed a mathematical procedure that
used the T-matrix framework to calculate fields in-
side this forbidden zone. Barber et al.'8 used a
method based on the T-matrix approach to evaluate
local fields not only at the tips but at any place on the
surface of the spheroids.

b. Rotation of the T Matrix

For the rotation of the T matrix, two coinciding
coordinate systems are considered. With respect to
the origin of both systems, the Euler angles a, 13, and
y are used to rotate one of the systems relative to the
other.19 The rotation ofthe basis functions is accom-
plished by transforming the spherical harmonics
under finite rotations. These transformation proper-
ties are given in the quantum mechanics literature
(e.g., Ref. 20).

Explicitly, if nma and Irnm'a are the vector spheri-
cal functions in the rotated and nonrotated coordi-
nate systems, respectively, then one can write

*Tnma = P Dm',jma , Y)Prnm',,
m u

where the index n is invariant under rotations and
the rotation matrix D is a function of the Euler angles
that define the relative orientation of the two coordi-
nate system.20

The incident and scattered electric fields in Eq. (2)
are then expanded with respect to the two coordinate
systems. A relationship between the expansion coef-
ficients for Eo and as in the two systems can be
established by using the orthogonality of the vector
spherical functions. Using the definition of the T
matrix, we finally obtain

T' = D-(ot, , y)TD(u, 13,y), (9)

where T' is the T matrix for the rotated coordinate
system.

C. Clusters

The T-matrix formalism has been extended to sys-
tems with more than one scatterer by Peterson and
Strom9 by using the translation theorems for the
vector spherical functions.21 The translation proper-
ties of *n and Re 4'n are summarized by Ref. 22:

Re ',n(r + a) = R,, 7 n.(a)Re P7 n,(r),
Trn

,Tn(r + a) = 2 cT,,,,,n(a)Re P7,,w(r), a > I r,
Trn

Tn(r a) = ERn,Tn(a)P 7 ,,n(r), ja < Irl,
TV

where Urn,7 and RrnT,7' are the elements of the
translation matrices as defined in Ref. 9.

Peterson and Str6m obtained a T matrix for the
cluster of two particles in terms of the T matrices of
each single scatterer,

T(1, 2) = R(al){T(1)[1 - a(-a, + a2)

x T(2)c(-a 2 + aj)T(1)]-1

x [1 + r(-a, + a2)T(2)R(al - a2)]}

x R(-al) + R(a2)tT(2)[1 - (-a2 + a,)
x T(l)o)(-al + a2)T(2)]-'[l + cr(-a2 + a,)

x T(1)R(a2 - a)]}R(-a 2), (10)

where a, and a2 are the distances from the origin to
the center of scatterers 1 and 2, respectively.

The scattered field can be expressed in terms of the
incident field by using the T-matrix with the follow-
ing relationship:

c = T-0.

Most of the results presented herein will be ex-
pressed in terms of the total electric field given by

et = C, + E0. (11)

It is important to remember that the local fields can
only be calculated by starting from a minimum
circumscribing sphere around the scatterers to en-
sure convergence of the spherical wave expansions.

With these two transformations, rotation and trans-
lation, it is then possible to consider clusters with
variables separation and arbitrary orientation of the
constituent metallic spheroids.

3. Discussion

The quantities discussed here are the normalized
local field intensities I t/8o 1 2 in the neighborhood of
the clusters of two prolate spheroids. These have
been calculated by inserting the individual T matrices
of each spheroid, Eq. (8), into Eq. (10), thus yielding
the effective T matrix for the cluster as a function of
interparticle distance. In the case of a different
orientation between the spheroids, their rotation has
been taken into account by applying Eq. (9) and
substituting the rotated T matrix into Eq. (10).
Finally, the total electric field vector has been calcu-
lated from Eq. (11), from which the enhancement of
the intensity of the field was obtained by taking the
square of the magnitude of that vector.

To illustrate the general results from this type of
calculation, we use two identical prolate spheroids
with an aspect ratio a/b = 0.9 and a = 5 nm, where a
and b are the semiminor and semimajor axes of the
prolate spheroid, respectively. The formalism per-
mits the treatment of spheroids of any eccentricity,
but because of computational time and memory limi-
tations only the described size is considered.
Although the clusters of spheroids used here are in
the long-wavelength regime, the calculations are elec-
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trodynamic in nature because the formalism is devel-
oped from the vector Helmholtz Eq. (1); results can
and have been obtained for other sizes and aspect
ratios.14

The calculations were done by taking the direction
of propagation of the incident wave front to be along
the y axis. The polarization of the electric field is
parallel to the direction of the interparticle distance,
which is the x axis. By testing other directions of
incidence and polarizations, we have determined that
the latter orientation gives the highest scattered-
intensity enhancement (of the order of 103) for the
configuration of the clusters considered; we therefore
choose these as our working parameters. The calcu-
lations of the electric field are performed as a function
of interparticle separation and relative orientation of
the spheroids.

Two resonant peaks are exhibited by the spectra of
all the geometrical configurations considered. It is
worth noting that this behavior is due to the interpar-
ticle multipolar interactions, because only one peak is
observed when the spheroids are sufficiently far apart
(when d, the interparticle distance, is of the order of
4b).

The two resonant peaks experience a characteristic
red shift as a function of decreasing distance between
spheroids for all the clusters considered. This shift
reflects the interaction among the spheroids in the
cluster, which becomes stronger as the distance be-
tween the centers of the particles decreases, thereby
resulting in maximum shift for touching spheroids.
Figure 1 shows the calculated spectrum for the
cluster of two spheroids whose semimajor axes are
aligned with the incident electric field. Because this
is the more elongated cluster, it exhibits the highest
enhancement shown in this paper (of the order of
103). The closer the spheroids the higher the interac-

1000

I-,
4-

o
._J

L
0

o ' snn
I-V wavelength(nm) ---

Fig. 1. Intensity of the total electric field at the point of observa-
tion P as a function of wavelength for a cluster of aligned spheroids
with. a/b = 0.9 and a = 5 nm for three interparticle distances
(d = 11.112 nm = 2b, touching spheroids, 11.612 nm, and 12.112
nm). The direction of the incident radiation is along they axis and
the polarization is parallel to the x axis.

tion between them and the more multipolar terms are
required in the calculation. As the interparticle
distance decreases, the low-energy peak shifts more
rapidly toward the red than the high-energy peak.
This behavior is related to higher multipolar terms,
other than the dipolar, which become more important
as the spheroidal constituents of the cluster approach
each other. As the interparticle distance diminishes,
the low-energy peak decreases rapidly in energy while
its intensity increases. The high-energy peak disap-
pears when d 3b, the decoupling distance, whereas
the low-energy peak shifts to the resonant wave-
length corresponding to the isolated particle.

The effect of rotation has been analyzed by rotating
only one spheroid and by examining the local field at
opposite points on the exclusion sphere on the axis
that joins the centers of the particles, because for this
case the cluster is asymmetric. The analysis is also
performed by rotating both spheroids, thus maintain-
ing the mirror symmetry of the cluster. In both
cases the interparticle distance is held constant.
Figures 2(a) and 2(b) show the behavior of the local
field observed at the two previously indicated points
on the x axis when only one spheroid is rotated.
Figure 2(a) describes the field near the nonrotated
spheroid and Fig. 2(b) describes that near the rotated
spheroid. The difference between the two observa-
tion points is in the intensity of the local field,
whereas the position of the resonance peaks remains
constant. This Constance is to be expected because
the resonant peaks are phenomena associated with
surface plasmons of the cluster that depend on the
configuration of the whole cluster and not on the
point of observation. Figure 3 shows the spectrum
of the simultaneously rotated spheroids. The config-
uration 0 = 900 coincides with the cluster of Fig. 1,
which exhibits the highest enhancement in this paper.
The rotation of the spheroids does not affect the
number of peaks observed in the spectrum, although
their energies are shifted toward the red as a function
of increasing angle measured with respect to the y
axis. For this case the red shift of the peaks is also
attributed to the increase in interaction between the
spheroids, because for an isolated spheroid the shift
in energy as a function of angle of rotation is negligi-
ble for slightly eccentric spheroids. The maximum
enhancement is obtained in Figs. 2(a) and 2(b) when
the rotated spheroid is at an angle of 0 = 900. This
occurrence is reasonable because the semimajor axis
of the rotated spheroid is perpendicular to the polar-
ization of the incident electric field at 0 = 00 and is
parallel at 0 = 900, thereby enhancing the field by its
geometry and directing the energy more efficiently
toward the other radiating spheroid. As we ex-
pected, the largest red shift and enhancement occurs
in Fig. 3 where both spheroids are simultaneously
rotated.

The resonant wavelengths for the cases shown in
Figs. 1 and 3 have been studied as functions of
interparticle distance d and orientation 0, respectively.
Figures 4(a) and 4(b) display the behavior of the
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Fig. 3. Intensity of the total electric field at the point P as a
function of wavelength for a cluster of simultaneously rotated
spheroids with a/b = 0.9, a = 5 nm for different angles of rotation
of the two spheroids. The directions of the incident radiation and
the polarization are as shown.

450

Fig. 2. (a), (b) Intensity of the total electric field at the point P as a
function of wavelength for a cluster of spheroids with a/b = 0.9 and
a = 5 nm for different angles of orientation of the spheroids with
respect to the vertical axis. The directions of the incident radia-
tion and the polarization are as shown.

low-energy peaks as a function of orientation angle
and of interparticle separation. Figures 5(a) and
5(b) provide this same analysis for the high-energy
peak. A least-squares fit to the data was made for all
four cases to determine the behavior of the red shifts
as a function of interparticle separation and also as a
function of orientation. The spread of calculated
resonance wavelengths about the smooth curves is
due to the fact that all resonant wavelengths analyzed
in Figs. 4 and 5 were obtained from a spline interpola-
tion of the calculated cluster spectra. The uncer-
tainty introduced by this interpolation in determin-
ing the resonant wavelengths is of the order of ±2
nm.

In the case of both the low- and high-energy peaks
for the rotated spheroids, the shift toward the red
shows a sinusoidal behavior, as is illustrated in Figs.
4(a) and 5(a). A least-squares fit of this data gives a
functional behavior for the shift that is governed by

the simple relationship X(O) = A + B sin2(O). For
Fig. 4(a), A = 376.7 nm and B = 47.8 nm; for Fig. 5(a),
A = 351.8 nmandB = 7.2nm.

From Figs. 4(b) and 5(b), it appears that the
position of the peaks have an exponential behavior as
a function of increasing interparticle distance. A
curve fitting gives the functional relationship (d) =
A' + 8X exp[-(d - do)/,q]. For the case of the low-
energy peak, ' was taken to be the resonant wave-
length for the decoupled cluster, i.e., the resonant
frequency of an isolated spheroid. Here 8X is the
difference between the resonant wavelength of the
touching spheroids and the resonant wavelength with
no coupling and do is the touching distance 2b. The

430

-

a)

a)
a

370 L
n 0 (degrees) .' lu d(nm)

Fig. 4. Shift in the resonant wavelength for the low-energy peak
as a function of (a) the rotation angle 0 of the simultaneously
rotated spheroids, and (b) interparticle separation d for the aligned
spheroids. The solid curve represents a least-squares fit to the
calculated points.
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Fig. 5. Shift in the resonant wavelength for the high-energy peak
as a function of (a) the rotation angle 0 of the simultaneously
rotated spheroids, and (b) interparticle separation d for the aligned
spheroids. The solid curve represents a least squares fit to the
calculated points.

only fitting parameter used is A, which corresponds to
a decay factor. For Fig. 4(b), A' = 361.5 nm, 8X = 94
nm, and the fitted parameter is X = 0.57 nm. For
the case of the high-energy peak it is also necessary to
fit A'; the resulting fitted curve for Fig. 5(b) yields

= 350 nm, = 13.6 nm, andq = 0.32 nm. From
the analysis it is evident that the low-energy peak
suffers a considerably larger shift in wavelength than
the high-energy peak as a function of both angle and
interparticle distance.

The decoupling distance for the cases discussed
here occur at d 3b. For all other cases studied by
us the decoupling distance has been found to be d 
4b, which is twice the distance of touching spheroids.

4. Conclusions
A T-matrix formalism has been used to calculate the
local electric field near clusters of metallic spheroids,
and the influence of clustering on their spectrum has
been investigated as a function of interparticle dis-
tance d and relative orientation 0 in the long-
wavelength regime. The calculations show two reso-
nant peaks in the spectrum caused by interparticle
interactions, which is in contrast with one peak in the
spectrum of the single spheroid. The high-energy
peak disappears and the low-energy peak becomes the
peak of the isolated spheroid for interparticle dis-
tances of 4b. This fact should prove useful in the
analysis of clusters of more than two ellipsoidal
particles.

As a result of the interaction among the spheroids
that form the cluster, enhancements of up tol3are
observed. Higher enhancements should be observed
for more eccentric ellipsoidal constituents of the
cluster. The enhancement is shown to be sensitive
to the relative orientation of the spheroids and the
interparticle distance. Both resonant peaks are red
shifted as a function of reduced interparticle distance

and of increasing angle of rotation with respect to the
y axis.

The position of the higher-energy peak is less
sensitive to interparticle distance than the lower-
energy one, and rotations are less effective in shifting
the peaks than the separation of the spheroids.
Through a least-squares fit, we demonstrated that
the shifting of the low-energy peak obeys an exponen-
tial relationship as a function of the varying interpar-
ticle distance that decays to the value of an isolated
spheroid for values of d = 3b, whereas the red shift
obeys a sinusoidal relationship as a function of the
angle of rotation of the spheroids.

For experimental systems composed of a collection
of scatterers with a random distribution of interparti-
cle distances and orientations, these calculations will
be important in predicting the estimated effective
width of the observed resonances. The predicted
width is expected to be greater than the ones shown
here because such a system will have contributions
from clusters with a wide variety of interparticle
distances and relative orientations. A rough esti-
mate suggests that the resonant peak of that system
should have a width of the same order as the differ-
ence between the resonant energy of the cluster of
touching spheroids and the resonant energy of a
decoupled cluster.

Recently some efforts have appeared in the litera-
ture that treat clusters of spheroids by using ellipsoi-
dal harmonics,23 but to our knowledge only calcula-
tions restricted to the far zone have been performed.
We do not expect that the use of ellipsoidal harmonics
will simplify in any significant manner the calculation
of the field in the near zone, because a cluster does not
have either spherical or ellipsoidal symmetry; there-
fore, we do not anticipate any advantage of one
expansion over the other.

This research was partially supported by the Na-
tional Science Foundation grant INT-8509185 and by
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