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We study an aggregation-disaggregation model which is relevant to biological processes such as the growth
of senile plaques in Alzheimer disease. In this model, during the aggregation each deposited particle has a
probability of producing a new particle in its vicinity, while during disaggregation the particles are anihilated
randomly. The model is held in a dynamic equilibrium by a feedback mechanism which changes the disag-
gregation probability in proportion to the change in the total number of particles. We also include surface
diffusion which influences the morphology of growing aggregates and colonies. A colony includes the descen-
dents of a single particle. We investigate the statistical properties of the model in two dimensions. We find that
unlike the colonies, individual aggregates are fractals with a fractal dimensidyof1.92+0.06 in the
absence of surface diffusion. We show that the surface diffusion changes the fractal dimension of aggregates:
at a small aggregation-disaggregation rddg, is independent of the strength of the surface diffusibn,
=1.73+0.03. At larger aggregation-disaggregation rates and different strengths of surface diffusion, aggre-
gates with fractal dimensions betwelbp=1.73 and 1.92 form. The steady-state distribution of aggregate sizes
is shown to be power law if the aggregation-disaggregation process dominates over the surface diffusion. In the
limit of weak aggregation-disaggregation and strong surface diffusion the size distribution is log-normal.
[S1063-651%99)01008-9
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I. INTRODUCTION the severity of the disead®,9]. This observation suggests
that after the onset of the disease the process of plaque for-
Pattern formation and fractal growth phenomena in physmation reaches a dynamic equilibrium. Computerized image
ics have attracted much attention in recent y¢ay8|. Physi-  analysis has shown that the size distribution g8 Aenile
cal pattern formation phenomena have many interestinglaques can be well fit to a log-normal distributiho].
analogies in biological systems that are usually too compleXinally, recent quantitative analysis of confocal micrographs
to be described in terms of simple equatigB$ Although  of senile plaques in three dimensions has revealed their very
biological growth involves biochemical reactions, transportspecific porous structurfg 1].
and production, the specific processes that underlie biologi- In order to answer the question of what kind of mecha-
cal growth and its rate are unknown. In part this is becaus@isms produce such porous morphology at equilibrium, we
the essential processes that give rise to a particular structutgnsider general principles of aggregation. Mechanisms
of a growing aggregate cannot be examined directly. Ratheghich are responsible for the growth should depend on the
lattice modeld4,5] are used to mimic the essential featuresdiffusion constant of /8 as compared to its aggregation rate.
of the observed growth patterfi6]. Accurate modeling of |f the diffusion is slower than aggregation, an aggregate with
the growth in turn sheds light on the possible biochemicak ramified treelike structure is formed that belongs to a dif-
mechanisms that govern the phenomena, and contributes tdigsion limited aggregatioiDLA) universality clasg§12]. If
deeper understanding of biological morphogenesis and evahe diffusion is faster than aggregation, a compact spherical
lution. structure is formed, which belongs to the Eden universality
In this paper we study a model motivated by the growthclass[12]. These two models are limiting cases of a more
of senile plagues in the cortex of the brain of Alzheimergeneral finite-diffusion-length mod¢l3] that also predicts
patients[7]. It is well known that Alzheimer disease is asso- DLA-like nonfractal structures. The DLA and Eden models
ciated with senile plagues, macroscopic aggregates afre essentially mimicking nonequilibrium phenomena, which
amyloids3 (AB) protein of 40-42 amino acids in length. is in disagreement with dynamic equilibrium. The DLA
Our approach to the modeling of plaque formation is basegnodel can be modified into an equilibrium process by intro-
on several experimental observations. Although the precurducing disaggregatiofl14]. However, the resulting aggre-
sor peptide A8 is produced uniformly throughout the cortex gates have a smaller fractal dimension than DLA aggregates,
of the brain, the aggregatedBAdeposits are anatomically and are thus appropriate to describe branched-polymer con-
discrete, roughly spherical aggregates oB Aibrils. The figurations but not the observed porous senile plaques. There
amount of A3 deposits is not correlated with the duration or are also cluster-cluster aggregati@CA) models[1], based
on DLA, that can be modified into equilibrium growth mod-
els by introducing sources and sinks$] (steady-state CCA
*On leave from the J. Stefan Institute, Jamova 39, 1001 Ljubljanagr by allowing aggregates to bredkeversible CCA [16].
Slovenia. However, the morphologies of the resulting aggregates are
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highly ramified, exhibiting fractal properties. Moreover, (i) If a particle is chosen to aggregate at a time gtap
since plaque aggregation in the brain is believed to be a slowas a certain aggregation probabil@y,, to create a new
process on a time scale of years as opposed to a much fasgearticle in the next time stept+ 1 at some empty site in its
diffusion, the models of the DLA type are unlikely to be vicinity; otherwise nothing happens. The new particle per-
directly relevant to the growth of A plaques. forms a random walk from the original particle site in the
Our approach to modeling senile plaque formation islattice until it encounters the first vacant site, where it is
based on the birth-death type of aggregation models that a@tached. In this way every particle in the lattice has an equal
generally used for studying the dynamics of populations, epiprobability to create a new patrticle; thus the growth is uni-
demics[17], chemical reactions with creation and anihilation form.
processe$18], and even evolution through mutatiofs9]. (i) If the disaggregation rule applies, the particle will be
Our model, based on aggregation and disaggregation, @nihilated with the disaggregation probabilRy;s at the time
modified in such a way that it accounts for both a dynamicstept+1.
equilibrium and a specific porous structure of the observed Since the rules defining the growth model are independent
senile plaque§ll]. The disaggregation process is natural toof the local geometry of the growing aggregates, we can
postulate, since recent experiments suggest that certamlate the number of particleN;,, at timet+1 with the
agents in the brain interfere with@\aggregation and poten- number of particledN, at timet:
tially trigger reversal of 48 aggregatg20]. L
The model is introduced in Sec. II. In order to achieve the Ni+1=Ne+2(Pagg= Paig) Nt - 1)
growth at a dynamic equilibrium, we introduce a feedbac .
mechanism into our model. The disaggregation process Ki%he factor of3 comes from the fact that on average half of

modified at each simulation step such that it becomes strorf"® particles fO”.OW the aggregation rule and_the other half
gwe disaggregation rule. We have to emphasize that(Hq.

plies only on average, it is thus a “mean-field” equation.
e solution of the above recursion relatidfqg. (1)] is

Pagg_ Pdis) !

ger if the number of particles increases, and conversely i
weakened otherwise. We discuss several ways to change t
disaggregation process through feedback, and we compal
two possibilities that lead to a different asymptotic behavior
of the system. Under the assumption of the existence of one N{=Ng
dynamic steady state, we then choose the feedback mecha-

nism in which the disaggregation probability is changed inFor Pags> Pais the number of particles increases exponen-

proportion to the change in the total number of particles. “:isially, while for Pg,< Py it decreases exponentially. Start-

Sec. Ill we present statistical properties of the model, an hg from a given configuration of particles, the system, ac-

study the fractal dimension and size distribution of aggre-Cording to Eq.(1), reaches equilibrium iP ..~ Pgs. In the

gates in dependence on the aggregation-disaggregation rat ‘ * _po -
and surface diffusion. We also examine the growth rate of.) rameter SPacePlgq VersusP ), Pagg= Pais IS the critical

. ine.
meavg]g?llf? a(i:ct);?r:/?//a?/f aggregat¢al], and show that it scales We can use a theory of branching proced2 to cal-

culate what happens to the descendents of one particletafter
time steps at the critical poin®,y;s= P44 We define a prob-
II. MODEL ability Py such that aftet steps we end up withl descen-

The model is based on two processes, aggregation arfients of the initial particle. We create a generating function
disaggregation. At each simulation step the rules for aggredi(X).

1+ >

gation and disaggregation are applied to each particle in the w
lattice, thus mimicking the time evolution of particles. The 9= xNp )
whole growth process can thus be viewed as an example of a ! N=0 Nt

birth-and-death branching proces22,23. Although a par-
ticle in our terminology means an aggregate composed oihich is by definition normalized such thgf{(x=1)=1. By
many A8 molecules, it is, on the other hand, much smallertaking into account three possible outcomes for each particle
compared to a fully evolved senile plaque. One can think ofrom the time stet to the time steg+1, we can express

a particle as a fibril of amyloig peptides as experimentally g+1(X) in terms ofg,(x) through the recursion relation
observedn vitro [24]. We are not modeling the microscopic

biochemical processes that give rise t@ Aibrils, but we Gea1(X) = P_dis+(1_ Paggt Pdis) 9u(x) + Pagggz(x).
take them as basic to our explanation of the anatomical ex- ~' 2 2 2 =t
perimental observations of A deposits. In this sense our 3)
(r:r;ggscl);)sic?henomenologlca‘l coarse grained] and not mi- For Pgis= Paggit is possible to shoW22] that the solution is
. . 2 - 2N 1
A. Aggregation-disaggregation process g(x)=1— P_gt+m Z exp — Pood xN+0 el
N=1
We study the model on a two-dimensional discrete lattice. * aod 9 4)

Each lattice site is either empty or occupied by a particle. For

each particle we first decide with equal probabilitids, Forx=1, the term with the sum in the E¢) represents a
which rule, either for aggregation or disaggregation, will beprobability that aftert steps there will be one or more de-
applied. scendents of the original particles. The probability that after
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t steps the number of descendents will be zero is equal to 040 . . - -
1-2/(P,4¢). Thus asymptotically at largethe probability

of having zero descendents of one particle goes to 1. Note
that the generating function given by Ed) consists of two
parts, one corresponding d=0 and the other correspond-
ing toN=1. This latter part is analytical, and, as we show in
the Appendix, can be derived from the Fokker-Planck equa-
tion.

Knowing the probabilitied® ;, we can calculate the mo-
ments(N) and(N?). As expected{N)=1, meaning that on
average we expect that the number of descendents is 1. Or
the other hand{N?)=P,.¢. This means that the standard
deviation of the distributiorP ; at large times grows agt.

If we start with N, original particles atP = Pagq, the
probability of having zero particles after largeis [1
— 2/(Paggt)]N0~1— 2Ng/(Pagd)- This probability is thus in- T st oot
creasing with time, although the average number of particles 4
remains the same, equal . We therefore showed that for
any finite system of initial particles, even at the critical point
(Pgis=Pagg, the model as defined above is unstable due to
fluctuations and will eventually yield an empty lattice.

0.30 | ? i
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The model defined in Sec. Il A is unstable: regardless of
the initial state and regardless of how the two probabilities FiG 1. The fraction of occupied sites,/V as a function of
for aggregation and disaggregatiBg, andPg;s are chosen, timet as a result of a simulation on a 2D lattice of size 28656
the system either dies or grows until the whole lattice is fullywith an initial fractionN,/V=0.001 of randomly placed particles.
covered by particles. In order to be able to describe a dyThe aggregation probabilit 4= 0.25, and initially there is no
namical system with both processes at equilibrium, it is necdisaggregation P4(t=0)=0]. In the absence of feedback the
essary to introduce a feedback mechanism that pushes thaction of particles N;/V increases exponentially with time
system toward equilibrium. The importance of the feedbackopaque circles In the presence of the feedbadk/'& 2) defined by
mechanism has been recognized in other cellular automatzy. (5), the system oscillates around a predetermined fraction of
models, in particular in self-organized critical models whereparticlesN;/V (filled squares while in the presence of the feed-
feedback plays the role of a restoring force that drives théack (w=2) defined by Eq(7) the approach to a steady state is
system back to the dynamical critical po[i25]. smooth(open trianglesand well described by an approximate ana-

One way to introduce a feedback mechanism is to Specifiytic solution given by Eq(9) (thICk solid Ilne) The thin solid lines
the average number of particles in the steady dtateand to ~ @re guides to the eye.
modify Py at each step according to

Pt 1) = Paie 1)+ W(N— Np)/V, (5) Palt+1) = Pad) w2, @

whereW is a feedback parameter a¥ds the total number of
lattice sites, so thall;/V is the concentration of particles in \yherew measures the strength of the feedback.

the steady state. , _ _ To compare the two different types of feedback, in Fig. 1
In order to find the approximate asymptotic behavior of,\a plot the dependence &f./V on time. The feedback de-
the model with the feedback defined by EE), we replace  finaq by Eq. (7) drives the system smoothly into one
the differenceN;;—N, in Eq. (1) by dN;/dt, and the dif-  iquely defined steady state without any oscillations. We
ferenceP st + 1) — Pq(t) by dPgig(t)/dt, and then assume herefore consider from here on only the feedback given by
that, ag—o, Ny=N;+x andPgs=Pagqty. Forsmalixand  gq (7), which is also simpler since it does not require the

y, we can linearize Eqg¢l) and(5) and find final coverageN;/V to be specified.
We can solve the recursive equatioii$ and (7) by as-
x=AN coswt, (6)  suming thatw is small and by taking the continuum limit.

First, we replace the differenc® q(t+1)—Pyt) by
whereAN is an amplitude that depends on the initial condi-dPg(t)/dt and the differenceN;,—N;_; by dN,/dt (dt
tions andw= VWN;/(2V). As we can see, the feedback de- =~At=1). In this way, we obtain a differential equation for
fined by Eq.(5) yields an oscillatory behavior of the system N; in the presence of the feedback,
which is difficult to justify in biological growth(see Fig. 1

We therefore adopt another type of feedback, one that
changes the disaggregation probability in proportion to the dN; :aNt—be ®)

change in the total number of particles, dt
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with the constants @=P .45~ Pgi(0)+WNy/V and 2
=w/V. The initial value of the disaggregation probability is
denoted byP4(0) and the initial number of occupied sites
by No. Denoting the asymptotic solutiofas t—o and
dN,/dt=0) by N, =a/b, the time dependence bf; is given
by

Noc
T I+[(N..—Ng)/NoJexp—at) ©

Ni

If Ng<<N., andN;<N,,, for a short time the number of par-
ticles grows exponentially, as in the absence of feedback. At (a)
longer times, the feedback inhibits further growth and the
growth process reaches a dynamic equilibrium with the av-
erage number of particledl,, conserved over time. The
simulations shown in Fig. 1 are in good agreement with Eq.

(9). As shown in Fig. 1, the approximate soluti@hick solid

line) approaches the exact asymptotic value and is close to
the solution found by simulationgopen trianglep at all

times.

As for the average number of particlBls ast— oo, there Je
is no difference between the model in the absence of the ™~
feedback aP ;= P,4qand the model with the feedback de-
fined by Eq.(7). However, there is an essential difference
regarding the fluctuations of the number of particles around
its “mean-field” asymptotic valueN,,, as presented in the
Appendix. While without feedback the standard deviation of
the probability distribution of the number of particles in-  (p)
creases with time, in the presence of the feedback defined by
Eq. (7) the distribution of the number of particles around the FIG. 2. Two-dimensional2D) lattice of size 51X512. The
mean valueN.. can be approximated by a Gaussian distribu-initial configuration consists of randomly placed particles that cover
tion with a time-independent width. Moreover, the width canroughly 10% of the total lattice ar¢al,/V=0.01, P,4~=0.10, and
be varied by changing the feedback parameter Pgis(t=0)=0.10, andw=2]. (& A typical colony after 140 000

time steps in the absence of the surface diffusidm.A typical
colony after 140 000 time steps in the presence of the surface dif-
C. Surface diffusion fusion with a strengttd =20 (the diffusion process dominates over

. . . . . the aggregation-disaggregation progess
For a typical biological tissue there is always ‘“surface

tension” which suppresses random spatial fluctuations along
the edges of the aggregafé]. Algorithms for boundary
smoothing are well known also in the field of the surface There is an inherent difference between aggregation and
growth as noise-reduction method5]. disaggregation processes, even though the two processes are
We implement the surface diffusion in the following way: at equilibrium due to the feedback. There is an overall larger
After each step of aggregation and disaggregatmre step probability for larger aggregates to grow in time or, con-
in our terminology means that every particle in the lattice isversely, a smaller probability for isolated particles to survive
exposed to the rules of the mogetach particle has a prob- too far away from a larger aggregate. This causes clustering
ability of moving one step in a randomly chosen direction if of aggregates into larger formations which are dynamically
and only if after the move the particle ends up with morestable as simulation time—c [27]. Thus, no matter what
nearest neighbors. In this way particles that are totally surthe initial configuration is, either randomly distributed par-
rounded by other particles do not move, whereas the isolateiicles or a solid disk of particles, the system always evolves
particles tend to “find a better environment,” i.e., an envi- into a dynamical steady state which is one clustered colony,
ronment with more occupied nearest neighbors. The strengitomposed of many connected objects, aggregates, as shown
of the surface diffusiord can be varied by the number of in Figs. 2a) and 2b).
times that all the occupied sites in the lattice make such a We want to examine statistical properties of the model,
step. such as the fractal dimension of aggregates and colonies, the
The influence of the surface diffusion on the morphologyrate of colony growth and the size distribution of aggregates
of a growing colony of aggregates is presented in Figa) 2 within a colony. The theory of branching processes is appro-
(no surface diffusionand 2b) (with surface diffusion,J priate to predict a “mean-field” behavior of the aggregation-
=20). disaggregation behavior, but it is not able to account for any

20

Ill. STATISTICAL PROPERTIES OF THE MODEL
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N~ RS , meaning that the whole colony scales as a nonfractal
two-dimensional object.

On the other hand, the geometrically connected objects
(aggregatesthat form a colony have fractal properties. The
radius of gyration of an aggregatg,, scales with the size of
the aggregatés (S is equal to the number of particles that
form the aggregateasr,S*P1, whereD; is a fractal di-
mension. In the absence of the surface diffusids=0),
D{=1.92+0.06, independent of the aggregation-
disaggregation rate. As shown in Fig(bg at a small

10 107 10° 10° aggregation-disaggregation rateP (4= (Pgs) =0.10), Dy
t [simulation steps] =1.73+0.02 for the model with surface diffusion, indepen-
dently of the strength of the surface diffusidnFor a large
2.4 . . aggregation-disaggregation raté = (Pgis) =0.90), Dy
;j:? depends on the strength of the surface diffusipat J=1,
9o [24=10 (b) | we find Dy=1.88+0.05, and atJ=100 our results yield
T ad=100 D;=1.81+0.05. Thus by an appropriate choice of the
. aggregation-disaggregation rate and the strength of the sur-
D, 20 . . °. . . face diffusion, the aggregates in our model can have any
e Sytee ., ° ° . fractal dimension betweeb;=1.73 and 1.92.
18 | ¢ ° .
° g—}a—%ﬁ%ﬁ—ﬁt%@rﬁ-g—g—wﬁggﬁ B. Distribution of aggregate sizes
1.6 \ . Figures 4a) and 4b) show the steady-state size distribu-
Y 50000 100000 150000 tions of aggregates for various surface diffusion strendths

t [simulation steps] and for two different aggregation-disaggregation probabili-

ties; (a) corresponds to low andb) to high probabilities.
There are two limiting cases. At low aggregation-
disaggregation probabilities and high surface diffudibiy.
4(a)], the distribution can be well approximated by a log-
=0.90, andw=2]. The dotted lines have slopes of 0:50.05. The normal form. At high aggregation-disaggregation probabili-

curves are averaged over ten runs. The inset of the figure shows tﬁ!@s and in the absence of surface d'ﬁus'on' the size distribu-
scaling of the number of particléé within a colony with its radius 10N Suggests a power-law behavior with the exponent
of gyrationRy. (b) The effect of the surface diffusion on the fractal ~ ~1.79+0.05. As one can notice, the effect of the surface
dimensionD; of aggregategconnected clusters that form a colgny diffusion on the power-law behavior of the distribution is not
in dependence on the simulation time. The solid line is a linear fit toSignificant in this limiting case. However, at small aggregate
D;(t) in the absence of diffusion)& 0), while the dashed line is a Sizes the power-law distribution is somewhat flattened out,
linear fit to D¢(t) for J=1, 10, and 10(the lattice size is 512 meaning that there are fewer small aggregates in the system.
X512, P,gq= Pgis(t=0)=0.10, andw=2]. In percolation[28] the size distribution of percolating
clusters is a power-law distribution, as well as in our limiting
,case of high aggregation-disaggregation probabilities and no
surface diffusion. We define the size distribution exponent

(10

FIG. 3. (a) The effect of surface diffusion on the time depen-
dence of the colony growth: the radius of gyratioR?)Y? of a
colony. The initial configuration is a solid disk with a radiis
=50 pixels on a 2D lattice of size 2048048 [P 4= Pgs(t=0)

geometrical properties of growing aggregates, neither mo
phology, nor the rate of growth, nor their size distribution.

D(S)~S .

A. Morphology of colonies and aggregates . . . ]
. o . . According to the theory1], there is a relationship between
Figure 2 shows individual colonies grown in the model:

) . ... . the fractal dimensio®; and ,
One colony is grown in the absence of the surface diffusion f T

and the other in the presence of the surface diffusion. We can
see that the surface diffusion changes the morphology of the
colonies and aggregates by smoothing the surfaces of clus-
ters.

The time development of the radius of gyratidR?)*2is  whered is the lattice dimension, in our case=2. The pre-
plotted in Fig. 3a) for short times, i.e., before the colony diction for = from the scaling relation given by E@L0) is
reaches the steady-state size. From the gra@sid and thus 7=2.04 (here we take into account our result for the
dashed lines in Fig.(3)] we can extract the exponent of the fractal dimensiorD;=1.92). This value is, however, slightly
growth of the radiugR?)*2 (R?)2 grows ast”, wherev different from the one from our simulatiom;=1.79. This
=0.50+0.05, corresponding to a normal diffusion rate. Thecan be due to finite size effects: It is known that the simula-
results show that the presence of the surface diffusion has nions consistently yield a too small value fer(very close to
influence on the exponent The scaling of the number of 7=1.79) unless the lattice size is very largeear size close
particlesN in a colony with the radius of gyratioRy is  to 100000, in which case the theoretical value for2.04
presented in an inset of the Figia@ The scaling is close to [28] can be achieved.

d
=1+ — (12)

D;’
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10° . . . different from that of DLA. Quantitative analysis of the dis-
T e tribution of aggregate sizes shows that, depending on param-
LY eJ=0 . . . .
.. AJ=10  (a) eters of the model, the steady-state size distribution of aggre-

gates changes from a power-law distributiothigh
aggregation-disaggregation probabilities and no surface dif-
fusion to a log-normal distributionthe surface diffusion
dominates over the aggregation-disaggregation process
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APPENDIX: PROBABILITY DISTRIBUTION
OF THE NUMBER OF PARTICLES

Here we derive the steady-state probability distribution of
. the number of particles in the presence of the feedback de-
fined by Eq.(7). As opposed to an averagémean-field”)
number of particles at a time stépN;, we consider a new
statistical variable for the number of particles at the time
MN(t), a continuous function df which is allowed to fluctu-
ate from its mean-field valul, .
. We consider the system at the critical poiRtis= P 4.
0.0 10 107 10° 0 Every particle in the system has a probabilRy,y2 of cre-
S [pixels’] ating a new particle, the same probability of being annihi-
S . lated, and the probability + P44 of remaining unchanged.
FIG. 4. Size distributio (S) of clusters for various amounts of 11,5 for each particlein the system at every time step there

the _surface diffusiod. The initial cqnfigura_tion is randomly plqced are three possible outcomes that affect the total number of
particles that cover 10% of a lattice of size 2048048. The size

distributions are averaged over ten runs, and logarithmically binneJ?arthleSN(t):

Both graphs are depicted on a double logarithmic sdaeThe +1 with probabilityP.../2
aggregation-disaggregation probabilities are sm&lhgs= Pt . P - y agd

=0)=0.10 (w=2). The solid line that fit§ D(S) for J=20 is a fit AN;={ —1 with probabilityP 42 (A1)
to a log-normal form(b) The aggregation-disaggregation probabili- 0  with probability 1- P

ties are largeP g~ Pgis(t=0)=0.90 (w=2). The solid line that agg

fits SD(S) in the absence of the surface diffusidn; 0, is a fitto a The square of the width of the distribution &f\; , given
power law with a slope-0.79+0.05. by Eq. (A1), o7, is then equal tar’=P,y,. For the total

IV. CONCLUSION number of particlesV the square of the width of the distri-
bution o2 is thena?= P\ (since AN=3, 2] AN]).
In contrast to models that account for the growth far from  Starting from the mean-field equation given by E§),

equilibrium [2], in this paper we study a two-dimensional we can write a master equation faf(t),
aggregation-disaggregation model held at equilibrium by a

dynamic feedback mechanism. We show that by an appro- dnN )

priate choice of the feedback the fluctuations of the number W:&Af— bA“+ 5o, (A2)

of particles in the steady state are finite and can be made

smaller by increasing the feedback parameter where 7 is a random variable which is distributed according

Our model of biological growtr 4] also takes into ac- 1 Gaussian distribution®( )= 1/27 exp(A2) and
count the surface diffusion. We find that the radius of gyra-_ = (7) m exp(r12) 7
VP agdV-

H i i i H 2\1/2 g
tion of a growing colony increases with time ¢&°)%<\t, e kier-Planck equation for the probability distribu-

which is reminiscent of a normal diffusion process. We show; . of the number of particles2(\Vt), which corresponds
that although colonies are nonfractal objects, the connect Eq.(A2), is then I

objects, i.e., aggregates, that form the colony are fractals
with the fractal dimensiol ;= 1.92(very close to the fractal
dimension of percolation clustef§]) in the absence of the R
surface diffusion. Our results show that the presence of sur- ot 2 N2
face diffusion enhances the fractal properties of aggregates

by creating branches and pores, thus decreasing the fractal We only focus on a steady-state solutiatP(dt=0) of
dimension down toD;=1.73 at a small aggregation- Eg.(A3) around the mean valugV)=N..=a/b. By defining
disaggregation rate. Although the value®f in this case is a new variablex=/N—N..=N—a/b and by approximating
very close to the fractal dimension of DLA clustéfs2], the o2 by its mean-field value®~ Pagd\=» EQ.(A3) transforms
structure of a typical aggregate as seen in Filp) & very  into

P 1 & ) d AN— DA
[UP]—W[P( - ). (A3)
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d?p  dP Pagg”
P . = = , A6
St PO, (Ad) op (AB)

where we took into account that=w/2V. This result shows
that the stronger the feedback parametethe smaller will
be the fluctuations of the number of particl&saround the
average mean-field valug,, .

where y=2b/P 4. The solution of Eq(A4) is

(N=N,,)? On the other hand, in the absence of the feedbaekh
p(/\/):AeX;{ - —“’} (A5) =0, the Fokker-Planck equation given by E43) does not
Pagg/b have a stable steady-state solution. However, by solving the

time-dependent Fokker-Planck equation, we obtain the result

which is consistent with the one given by the generating
where A can be determined by normalization. Under the apfunction in Eq.(4), except for the diverging part correspond-
proximations made, the distribution given by H#S5) is  ing to A’=0 that cannot be covered by such a continuous
Gaussian with the standard deviatios, differential approach.

[1] T. Vicsek, Fractal Growth Phenomen&nd ed.(World Scien-  [15] T. Vicsek, P. Meakin, and F. Family, Phys. Rev.38& 1122

tific, New York, 1992. (1985.
[2] P. Meakin,Fractals, Scaling and Growth Far From Equilib- [16] J. D. Barrow, J. Phys. Al4, 729(1981); G. J. van Dongen and
rium (Cambridge University Press, Cambridge, 1998 M. H. Ernst, J. Stat. Phy87, 301(1984); R. M. Ziff and E. D.
[3] P. Meakin, J. Theor. Biol118 101 (1986. McGrady, J. Phys. A8, 3027(1985.
[4] D. A. Young and E. M. Corey, Phys. Rev. 44, 7024(1990. [17] S. Asmussen and N. Kaplan, Stoch. Proc. Agpll (1976); S.
[5] Fractals in Disordered Systemsdited by A. Bunde and S. Asmussen and N. Kaplaibid. 4, 15(1976; Y. Iwasa and E.
Havlin (Springer, Berlin, 1996 Teramoto, J. Math. Biol19, 109 (1984); P. Grassberger and

[6] I detailed interactions among particles forming aggregates, as _ A+ de [a Torre, Ann. PhysiN.Y.) 122, 373 (1979.

well as the temperature and chemical potentials of the aggreLlS] A. S. M',khz,i'lov’ Phys.. Repl184, 307(1989.
gate and the surrounding liquid, are known, lattice models[lg] L. S. Tsimring, H. Levine, and D. A. Kessler, Phys. Rev. Lett.
76, 4440(1996.

B. Solomon, R. Koppel, D. Frankel, and E. Hannan-Aharon,
Proc. Natl. Acad. Sci. US®4, 4109(1997).

[21] We define an aggregate as an object consisting of particles
) which are connected to each other by at least one of the eight
Physica A249, 460 (1998; R. B. Knowles, C. Wyart, S. V. nearest neighbors in a square lattice. A colony is a group of

Buldyrev, L. Cruz, B. Urbanc, M. E. Hasselmo, H. E. Stanley,  5qgregates which descend from the same original particle or
and B. T. Hyman, Proc. Natl. Acad. Sci. UD, 5274(1999. aggregate.

[8] P. V. Arriagada, J. H. Growdon, E. T. Hedley-Whyte, and B. [22] T. E. Harris, The Theory of Branching Process@over, New
T. Hyman, Neurologyt2, 631(1992. York, 1989.

[9] B. T. Hyman, K. Marzloff, and P. V. Arriagada, J. Neuro- [23] M. Meyer, S. Havlin, and A. Bunde, Phys. Rev.58, 5567
pathol. Exp. Neurol52, 594 (1993. (1996.

[10] B. T. Hyman, H. L. West, G. W. Rebeck, S. V. Buldyrev, R. [24] A. Lomakin, D. S. Chung, G. B. Benedek, D. A. Kirschner,
N. Mantegna, M. Ukleja, S. Havlin, and H. E. Stanley, Proc. and D. B. Teplow, Proc. Natl. Acad. Sci. US83, 1125

could be replaced by a standard Monte Carlo simulation ap-[zo]
proach.

[7]1H. E. Stanley, S. V. Buldyrev, L. Cruz, T. Guwez-Isla, S.
Havlin, B. T. Hyman, R. Knowles, B. Urbanc, and C. Wyart,

Natl. Acad. Sci. USA92, 3586(1995. (1996; A. Lomakin, D. B. Teplow, D. A. Kirschner, and G. B.
[11] L. Cruz, B. Urbanc, S. V. Buldyrev, R. Christie, T."®ez- Benedek,bid. 94, 7942(1997).

Isla, S. Havlin, M. McNamara, H. E. Stanley, and B. T. Hy- [25] L. Gil and D. Sornette, Phys. Rev. Le#t6, 3991(1996.

man, Proc. Natl. Acad. Sci. US84, 7612(1997. [26] D. E. Wolf and J. Kertsz, J. Phys. A0, L257 (1987); Euro-
[12] Random Fluctuations and Pattern Growthdited by H. E. phys. Lett.4, 561 (1987).

Stanley and N. OstrowskgKluwer, Dordrecht, 1988 [27] B. Urbanc, C. Cruz, S. V. Buldyrev, S. Havlin, M. C. Irizarry,
[13] R. L. Smith and S. D. Collins, Phys. Rev. 39, 5409(1989. H. E. Stanley, and B. T. Hyman, Biophys.7B, 1330(1999.

[14] R. Botet and R. Jullien, Phys. Rev. Lef5, 1943(1985; R. [28] D. Stauffer and A. Aharonyintroduction to Percolatior(Tay-
Wessel and R. C. Ball, Phys. Rev.45, R2177(1992. lor & Francis, London, 1992



