Lectures 14-15:
Beam Theory: Architecture for Cells
and Skeletons

Lecturer:
Brigita Urbanc
Office: 12-909

(E-mail: brigita@drexel.edu)

Course website:
www.physics.drexel.edu/~brigita/COURSES/BIOPHYS_2011-2012/

11/10-12/2011 PHYS 461 & 561, Fall 2011-2012 1



Beam Theory:

(A) (B)

> macromolecules can
be viewed as
networks of one-
dimensional
elements (chains of
amino acids, chains
of base pairs, ...)

> beam theory
addresses the
mechanics of these
networks

> a bead treated as a
rod with elastic
properties

Figure 10.1 Physical Biology of the Cell (© Garland Science 2009)
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Three types of deformations
Bending of a beam:

) i a neutral plane
\/—\
HE : stretched fiber
t
stretch unbent beam n;:;:
- = 2
|
L compressed fiber
Figure 10.3 Physical Biology of the Cell (© Garland Science 2009)

bend

(B) —
— Microscopic interpretation of bending
a “:f:\

]ao

€) o

twist

i

a,-Aa

Figure 10.5 Physical Biology of the Cell (© Garland Science 2009)
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Figure 10.2 Physical Biology of the Cell (€ Garland Science 2009)
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Imagine a beam split up in segments each with own curvature

(A) (B)

(C) \ I

Figure 10.4 Physical Biology of the Cell (© Garland Science 2009)
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Note that the extent of extension or compression is a linear function
of the distance from the neutral plane z:

0=2 L(z)=(R+z)o=""12)ko

L L
AL(Z)=L(2)-Ly=(R+2) 2L, =2 2

Extensional strain €(z) at a distance z is defined as:
_AL(z) z

L, R
such that material above the neutral axis is stretched, €(z) > 0, and

£(z)

material below the neutral axis is compressed, €(z) < 0.

The energy cost is a quadratic function of the strain (Hooke's law):
2
AL

W(e):%EgzzlE E ...the Young modulus

2

0
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A more precise calculation of the total strain energy of the beam:

E EIL
Ebend:L0f5Q dA ZRZ 22: 2R2
I:faQ z°’dA  |...geometric moment

Figure 10.6 Physical Biology of the Cell (© Garland Science 2009)
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EIL mEl

Ereng= R For L=2mR,we get: Eloop:T
We can introduce flexural rigidity: K= El
Then th fbendingis:  E :&fds !

en the energy of bending is: bend =) OS5 s
In general, we can express the 1
bending energy in terms of “ R (s)
a curvature:
And we finally get:

K dt [

ds

...derivative of the tangent vector

£ —_ef J"'—
bend ) 0

ds ds
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Persistence Length and Stiffness

> persistence length is a measure of the competition between the
entropy (“randomizer”) and energy cost of bending

> equate the deterministic energy cost to thermal energy:

EIL

2R’

> persistence length is the length of a polymer for which the radius
of curvature is equal to the length of polymer itself: E.~R~L

kg T~

> estimate of the persistence length:

El
2k, T

Ep™
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Persistence length characterizes the correlations in the tangent
vectors at different positions along the polymer

Figure 10.7 Physical Biology of the Cell (€ Garland Science 2009)
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General properties of the tangent-tangent correlation function:

g(S:()):l g(S—->OO>:()
g(s)=(t(s)-t(0))=e *'*

Relationship between flexural rigidity and persistence length:

> short beam of length: L~s<&,

EIL El
2R* 2s
> if a tangent at s=0 points in the z-direction, then:

g(s)=(cosf(s)) 0kl = cos@ml—iez

> short beam is only slightly bent: E__ = 0° (s=Ro)

g(s)~1— (0
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_(El/2k_Ts)6°

Calculate:  (o(s)")=_ [(™ do [['dosino0’e

_(EI/2k_Ts)0°
Z:féndcbfgdesinee 5
\% ly th trick as before:
e apply the same trick as before . )2>_ | 2k TS 07
SV )=TZ T GE

Thus, the only integral we really need to calculate is:

2 m : ~(Eli2k Ts)6* _ 2T m —(E1/2kyTs)6?
Z=[ "do [ dosinge ~[ "do [ dooge

where we usedthe Taylor expansionforsin 0~0
2tkg TS poo 2mKgTS 10Z 1
_ [ due= _

E| El ZO0E  E
2k.Ts k. T S El K
2\ __“"B ~1_ B _1_> _ _ _ eff
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The Worm-Like Chain Model

> contains both the entropic and elastic bending contributions
to the free energy

> concept: chains are cylinders connected by flexible links

(A) ™)
- no bending (optimal E) ( oY o o )
- non-optimal S GE6666 " GOGE66666666 66660666666 GOGE66066666 666666

(B)

(B)
- bending (non-optimal E W
g ( P ) Wi T A T

- more optimal S

Sum over all possible t(s)
curves of length L.:

/= f Dt(s) exp
Feynman Path Integral

ds

_fo
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To calculate the force-extension curve, we need to include the work
done by the external force F (along the z-direction), which adds:

—F fl‘ t,ds
such that an average change extension can be calculated as:
1 —&p oL |dt(s)[ L
z)=—— | Dt(s)z — ds+f) t ds

Z(f) ... partition function in the presence of the force
F = kgT f (f has a unit of inverse length)

Again, the same trick can be used to avoid a calculation of two path
integrals:

dInZ(f) . Z 1 1
= >approx. solution: f&,=—+ —=
2= g pprox. solution: &= "+ 0 7 4

(Appendixof Ch.10)
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Force-Extension Curve for a Worm-Like Chain Model

12
10
8
al
| 6
high-force limit
4
2 low-force limit
0.2 04 0.6 0.8
<z>
L

Figure 10.38 Physical Biology of the Cell (© Garland Science 2009)

11/10-12/2011 PHYS 461 & 561, Fall 2011-2012 14



The mechanics of transcriptional regulation

> lac operon: genetic network that regulates the lactose
metabolism in E. coli

> consider lac repressor, a protein, which represses transcription
by binding to DNA and initiating DNA loop formation

> Lac repressor: a tetrameric protein with three specific binding
sites: 01, O2, and O3; loops can be either 401 or 92 bp long
(401 x 0.34 nm = 136 nm; 92 x 0.34 nm = 31 nm < 50 nm)

> in eukaryotes, there are cis-regulatory regions that control
developmental process by DNA loop formation

> bending of a DNA fragment that is smaller than the persistence
length ¢!
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(A) BINDING SITES FOR LOOPING PROTEINS

cis-regulatory I ;
l“egion Of DNA distal : middle ! proximal 3

L ————

(E)

ELECTRON MICROSCOPY IMAGE LOOPING SCHEMATIC
Figure 10.9 Physical Biology of the Cell (© Garland Science 2009)
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Energetics of DNA looping

Bending energy of a loop with a radius R was calculated already:

R Kg T
Eloop_ R
For a DNA loop of length L, we take into account the following:
oN
l=27rR — R=._ =2\ where §=0.34nm
210 2T

to obtain a more convenient bending energy of a DNA loop:

EIoop _ 2 7T2 gP)N 3000
ksT Ny | 67 N

expressed in terms of the number of base pairs. We used the
estimate for the persistence length:

bp

£,=50Nm
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The bending energy of DNA loops as a function of the number
of base pairs in the DNA

100 150 200 250 300 350 400
fragment length (bp)

Figure 10.10 Physical Biology of the Cell (© Garland Science 2009)
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Free Energy Estimate for DNA Looping: Elastic Energy
Combined with Entropic Contribution

> long DNA fragments: entropic contribution unfavorable
> short DNA fragment: bending contribution unfavorable

> elastic and entropic contributions:

3000k, T

loop N
bp

AE

poocﬁ — AS,,,=kgInp,=—ky (5N, +const)
bp

loop

> result in the total free energy change upon DNA looping:

AGiooy=AEpey—T Sipop~ks T ?ﬁﬁ%ln N,,+const
bp
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The looping free energy as a function of the number of base pairs
as derived within a simple toy model

2 4 6 8 10
fragment length (kbp)

Figure 10.11 Physical Biology of the Cell (© Garland Science 2009)
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Experimental data and the worm-like chain (WLC) model
predict a slightly smaller favorable loop length

1076
1078
s
S 1071 .
W m
% @
-
B —— WLCtheory
5 i e Shore and Baldwin (1983)
10 o Vologodskaia and Vologodskii (2002)
o Cloutier and Widom (2005)
¢ Duetal.(2005)
10714
102 103 10*

fragment length (bp)

Figure 10.12 Physical Biology of the Cell (© Garland Science 2009)
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What is the J-factor?

Cyclization experiments report a quantity J [in units of
Concentration]:

—BAG

J e loop

So that the minimum of the free energy of looping is
equivalent to the maximum of J.

11/10-12/2011 PHYS 461 & 561, Fall 2011-2012
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DNA Packing: From Viruses to Eukaryotes

genome

. Q N,,x<1nm’
volume fractionv= ~ -
‘Qcontainer ‘Qcontainer [nm ]

Lgenome 5x 104 bp 5x 10° bp 10° bp 10° bp
L 0.6 0.1 0.02 0.002

lambda phage
(virus)

human fibroblast

Figure 10.13 Physical Biology of the Cell (© Garland Science 2009) human Sperm CEll
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The DNA Packing Compaction Ratio

a) lambda phage with spherical capsid of radius of 27 nm
holding 48,500 base pairs: Ny nm? 5% 10 -

V= ~ -~0.6
3 4X27

%nR3nm

b) bacterial nucleoid: a sphere of radius 0.25 pm holding
5 x 10° base pairs: 5% 10°

VR 3 0.1
4250

¢) human sperm cell with a spherical nucleus of radius of

2.5 um holding 10° base pairs: 10°
VR 3 ~(0.02
42500

d) human fibroblast nucleus of radius of 5 tm holding 10’

base pairs: 10’
P v~ -~0.002
4 %5000
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The Problem of Viral DNA Packing
(check “viper.com” for a databank of viral structures)

viral attachment DNA packaging
50 nm
bacteriophage i bacterium
am
host cell —4
DNA
minutes
he 2pm ™ assembly completion and lysis

DNA injection

dC

host cell RNA S
polymerase

macromolecular synthesis and
self-assembly

empty capsid viral DNA Why is the DNA packing in viruses

r}eplication
; i::z: = a problem&

i
capsids tail sheath
Figure 3.20 Physical Biology of the Cell (© Garland Science 2009)
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Cryo-electron microscopy images of packaged DNA

(A) empty capsids (B)
N

23456789

S

Coire A single capsid DNA shells
3 with rings of
| packaged DNA
__ | Highly ordered structures!
L1
full capsids 50 nm

Figure 10.14 Physical Biology of the Cell (© Garland Science 2009)
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. 1
capsidvolume:V  qq~Lpnads — dgoc—p5

(R)

capsid

hexagonally-
ordered
DNA

portal complex

Figure 10.15 Physical Biology of the Cell (© Garland Science 2009)
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Approximately correct scaling, though not on a large range

2.80

2.70 L

2.60

d,(nm)

2.50
2.40

2.30
0.0080 0.0085 0.0090 0.0095

0.0075
+ 212y L—1/2(nm—1/2)

Figure 10.16 Physical Biology of the Cell (© Garland Science 2009)
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Why does the DNA packing in viruses require energy?
> the entropic spring effect (DNA tends to spread out)

> elastic bending on the scale smaller than the persistence
length of 50 nm

> strongly negatively charged DNA (tends to avoid itself)

> the entropic contribution is about 10-times smaller than
the bending and electrostatic free energy associated with
DNA packing (in viruses):

Gtot<ds ) L)NGbend(ds ) L)—l_Gcharge(ds ) L)
> the force that resists the packing is then:

F: _th0t<dS5L>
dL
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How can we measure the force needed to pack the DNA?

bead

Optical tweezers:
pulling DNA against the
ATP-consuming motor

optical trap —

DNA

viral capsid (A) (B)
60
. 120
antibody
__ 100
" S 40
bead 2 80 2
o ]
)] v
‘g 60 S
; £ £ 20
pipette 5 40 £
4] [
5 5
Figure 10.17 Physical Biology of the Cell (© Garland Science 2009) g_ 20 -
0 0 S

11/10-12/2011

40 60 80 100
percentage of genome packaged

Figure 10.18 Physical Biology of the Cell (© Garland Science 2009)
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percentage of genome packaged
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Elastic Bending Contribution to the Free Energy: Circular Hoops

1TE| 7T§ Kg T N(R
EIoop — — Gbend:ngpkBTZi—

R
V3

f dR' —d,...distance between DNA strands
REr) 2

—ZTFEPkBTf out N(R)
bend \/gds R R’

2
DNAlength:L=——
7 V3d.,
cylindrical capsidofheightz,radiusR_
27T§P kBTZ I:{out
In

Gbend(R): \/§d2 R

G ——dR’

Rout
fR 2mR'N(R")dR’

21T Z

V3d?

S

L(R)=

11/10-12/2011 PHYS 461 & 561, Fall 2011-2012
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The second equation for L(R) can be used to express R:

3d’L
I:{:Rout\/l_ \/7 :

2 zR?

out

And the final expression for the free energy of bending:

—mEk Tz V3diL
Gbend — 2 In|1- 2
V3 d 2mzR2,
And the force associated with accumulated bending energy:
B Eokg T
—dG 2R’
.I: ( L ) — bend — Ol;t
- V3diL
2mzR’

out

11/10-12/2011 PHYS 461 & 561, Fall 2011-2012
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Electrostatic Contribution to the Free Energy of DNA Packing
In Viruses

> experiment that measures polyethylene glycol

0SmMotic pressure versus =5 o
DNA spacing d, o
> assume that parallel strands @
interact via a pair potential @ @
per unit length (only nearest @

neighbors): v(d)

> if we experimentally determine @
the pressure, we can compute » g
the interaction energy and obtain
the pair potential v(d,) DNA rods

Figure 6.22 Physical Biology of the Cell (© Garland Science 2009)
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Consider N parallel strands of length I, each packed into a
hexagonal array with a spacing d_: G =3NIv(d.)
S

charge

(a factor of 3 = 1/2 x 6 for 6 nearest neighbors in the array)

A

The volume of the assembly is: V :73 N dzl

The pressure can be calculated as:

G
p(d,)= d\"/“afge, dV=N1+3d_dd,

Experimental observation was (Textbook, page 245):
—d /c

p(d,)=F,e °

11/10-12/2011 PHYS 461 & 561, Fall 2011-2012 34



Which leads us to the final expressions:

1 5 —dS/C
v(d)=Fo(c*+ede
—-d /c

Gipare=V3Fy(c’+cd)Le °,  L=NI...total DNAlength

This electrostatic contribution can be experimentally controlled
Through ionic concentration, which affects the energy through
F, whereas c~0.27nm is more or less constant over a wide
range of salt conditions.

The total energy associated with DNA packing in viruses is:

Gtot — Gbend + G charge

3d°L —d /¢
V3 : +ﬁF0(c2+cdS)Le °

_—WZPKBTZID -

G't t 2
° \/gdi 2mzR,
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We need to find the optimal spacing by minimizing the total free
energy (at fixed DNA length) with respect to the spacing:

66“:0 - d,=d(L)
od.
Then use this relationship in the expression for the force F(L):
120
F L _ o a Gtot
L=
_. 80
, &
Forces for bacteriophage g ¢
viruses T4, T7, HK97, £
lambda, and $29 40

N
o

0
0O 10 20 30 40 50 60 70 80 90 100
percentage of genome packaged

Figure 10.19 Physical Biology of the Cell (© Garland Science 2009)
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