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Perestroikas of Branched Manifolds

Constraints on Branched Manifolds

“Inflate” a strange attractor

Union of ε ball around each point

Boundary is surface of bounded 3D manifold

Torus that bounds strange attractor
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Torus and Genus

Torus, Longitudes, Meridians
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Flows on Surfaces

Surface Singularities

Flow field: three eigenvalues: +, 0, –

Vector field “perpendicular” to surface

Einvalues on surface at fixed point: +, –

All singularities are regular saddles∑
s.p.(−1)index = χ(S) = 2− 2g

# fixed points on surface = index = 2g - 2
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Flows in Vector Fields

Flow Near a Singularity
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Some Bounding Tori

Torus Bounding Lorenz-like Flows
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Canonical Forms

Twisting the Lorenz Attractor
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Constraints Provided by Bounding Tori

Two possible branched manifolds
in the torus with g=4.
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Use in Physics

Bounding Tori contain all known
Strange Attractors



The Topology
of Chaos

Chapter 6:
Bounding Tori

Robert
Gilmore

Bounding
Tori-01

Bounding
Tori-02

Bounding
Tori-03

Bounding
Tori-04

Bounding
Tori-05

Bounding
Tori-06

Bounding
Tori-07

Bounding
Tori-08

Bounding
Tori-09

Bounding
Tori-10

Bounding
Tori-11

Bounding
Tori-12

Bounding
Tori-13

Bounding
Tori-14

Bounding
Tori-15

Bounding
Tori-16

Bounding
Tori-17

Labeling Bounding Tori

Labeling Bounding Tori

Poincaré section is disjoint union of g-1 disks

Transition matrix sum of two g-1 × g-1 matrices

One is cyclic g-1 × g-1 matrix

Other represents union of cycles

Labeling via (permutation) group theory
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Some Bounding Tori

Bounding Tori of Low Genus
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Motivation

Some Genus-9 Bounding Tori



The Topology
of Chaos

Chapter 6:
Bounding Tori

Robert
Gilmore

Bounding
Tori-01

Bounding
Tori-02

Bounding
Tori-03

Bounding
Tori-04

Bounding
Tori-05

Bounding
Tori-06

Bounding
Tori-07

Bounding
Tori-08

Bounding
Tori-09

Bounding
Tori-10

Bounding
Tori-11

Bounding
Tori-12

Bounding
Tori-13

Bounding
Tori-14

Bounding
Tori-15

Bounding
Tori-16

Bounding
Tori-17

Aufbau Princip for Bounding Tori

Any bounding torus can be built up
from equal numbers of stretching and
squeezing units

• Outputs to Inputs
• No Free Ends
• Colorless
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Aufbau Princip for Bounding Tori

Application: Lorenz Dynamics, g=3
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Poincaré Section

Construction of Poincaré Section
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Exponential Growth

The Growth is Exponential
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Exponential Growth

The Growth is Exponential
The Entropy is log 3
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Extrinsic Embedding of Bounding Tori

Extrinsic Embedding of Intrinsic Tori

Partial classification by links of homotopy group generators.
Nightmare Numbers are Expected.
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