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Abstract

Suppose you have data from a physical system that is behaving
chaotically. What do you do? How do you analyze these data?
What should you look for? What is the mechanism that
generates chaos?

For a large class of systems an algorithm now exists for
addressing each of these questions successively and successfully.
We will go through the steps of this algorithm, showing how
each works using experimental data and pointing out the
connection with topology. In the process we will develop a
classification scheme for strange attractors.
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J. R. Tredicce

Can you explain my data?

I dare you to explain my data!
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Where is Tredicce coming from?

Feigenbaum:
α = 4.66920 16091 .....
δ = −2.50290 78750 .....
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Our Hope

Original Objectives

Construct a simple, algorithmic procedure for:

Classifying strange attractors

Extracting classification information

from experimental signals.
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Our Result

Result

There is now a classification theory.

1 It is topological

2 It has a hierarchy of 4 levels

3 Each is discrete

4 There is rigidity and degrees of freedom

5 It is applicable to R3 only — for now
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Topology Enters the Picture

The 4 Levels of Structure
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Some Extracted and Reconstructed Periodic Orbits

Orbit Name Symbolics Local Torsion Self-Linking

1 11 1 1 0
2 21 01 1 1
3 31 011 2 2
4 41 0111 3 5
5 51 01 011 3 8
6 62 011 0M1 3 9
7 72 (01)2011 4 16

8a 81 (01)20111 5 23
8b 83 01(011)2 5 21
9 93 (01)3011 5 28

10a 106 (011)20101 6 33
10b 106 (011)20111 7 33
11 119 01(011)3 7 40

13a (01)2011 01 0111 8 62
13b (01)3011 0111 8 60
13c (011)30101 8 56
13d (011)30111 9 56
13e (01)2011 011111 9 62
14 01(011)4 9 65
15 01(011)20111 011 10 78

16a (01)3(011)20111 10 89
16b (011)40101 10 85
16c (011)40111 11 85
16d (01)2(011)2011111 11 91
17a (01)3011 01(011)2 10 102
17b 01(011)5 11 96
17c (01)2011 01(0111)2 11 108
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Table of Experimental Linking Numbers

Orbit Symbolics 1 2 3 4 5 6 7 8a 8b

1 1 0 1 1 2 2 2 3 4 3
2 01 1 1 2 3 4 4 5 6 6
3 011 1 2 2 4 5 6 7 8 8
4 0111 2 3 4 5 8 8 11 13 12
5 01 011 2 4 5 8 8 10 13 16 15
6 011 0M1 2 4 6 8 10 9 14 16 16
7 01 01 011 3 5 7 11 13 14 16 21 21
8a 01 01 0111 4 6 8 13 16 16 21 23 24
8b 01 011 011 3 6 8 12 15 16 21 24 21

aAll indices are negative.
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Motion that is

•Deterministic: dx
dt = f(x)

•Recurrent

•Non Periodic

• Sensitive to Initial Conditions
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Strange Attractor

The Ω limit set of the flow. There are
unstable periodic orbits “in” the
strange attractor. They are

• “Abundant”

• Outline the Strange Attractor

• Are the Skeleton of the Strange Attractor
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Assumptions, B-W Theorem

A flow Φt(x)

• on Rn is dissipative, n = 3, so that
λ1 > 0, λ2 = 0, λ3 < 0.

•Generates a hyperbolic strange
attractor SA

IMPORTANT: The underlined assumptions can be relaxed.
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Birman-Williams Theorem

Conclusions, B-W Theorem

• The projection maps the strange attractor SA onto a
2-dimensional branched manifold BM and the flow Φt(x) on
SA to a semiflow Φ(x)t on BM.

• UPOs of Φt(x) on SA are in 1-1 correspondence with UPOs
of Φ(x)t on BM. Moreover, every link of UPOs of (Φt(x),SA)
is isotopic to the correspond link of UPOs of (Φ(x)t,BM).

Remark: “One of the few theorems useful to experimentalists.”
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Rössler:

Attractor Branched Manifold



Alice in
Stretch &

SqueezeLand
The Marvels
of Topology
and Chaos

Robert
Gilmore

Introduction-
01

Introduction-
02

Overview-01

Overview-02

Overview-03

Overview-04

Overview-05

Overview-06

Overview-07

Experimental-
01

Experimental-
02

Experimental-
03

Experimental-
04

Experimental-
05

Experimental-
06a

Experimental-
06b

Experimental-
06c

Experimental-
07

Experimental-
08a

Experimental-
08b

Experimental-
09

Experimental-
10

Experimental-
11

Experimental-
12

Experimental-
13

BZ-01

BZ-02

BZ-03

BZ-04

BZ-05

BZ-06

BZ-07

BZ-08

BZ-09

BZ-10

BZ-11

Topology of
Orbits-01

Topology of
Orbits-02

Topology of
Orbits-03a

Topology of
Orbits-03a1

Topology of
Orbits-03a2

Topology of
Orbits-03a1-8

Topology of
Orbits-03b

Topology of
Orbits-04a

Topology of
Orbits-04b

Topology of
Orbits-05a

Topology of
Orbits-05b

Topology of
Orbits-06

Topology of
Orbits-07

Topology of
Orbits-08

Topology of
Orbits-09

Topology of
Orbits-10

Topology of
Orbits-11

Topology of
Orbits-12

Topology of
Orbits-13

Topology of
Orbits-14

Topology of
Orbits-15

Topology of
Orbits-16

Topology of
Orbits-17

Classification-
01

Classification-
02

Program-01

Program-02

Program-03

Program-04

Program-05

Program-06

Program-07

Program-08

Program-09

Program-10

Program-11

Program-12a

Program-12b

Program-13

Program-14

Program-15

Data-01

Data-02

Basis Sets of
Orbits-01

Basis Sets of
Orbits-02

Basis Sets of
Orbits-03

Basis Sets of
Orbits-04

Nerves-01

Nerves-02

Nerves-03

Nerves-04

Nerves-05

Nerves-06

Nerves-07

Nerves-08

Tori-01

Tori-02

Tori-03

Tori-04

Tori-05

Tori-06

Tori-07

Tori-08

Tori-09

Tori-10

Tori-11

Tori-12

Tori-13

Tori-14

Tori-15

Tori-16a

Tori-16b

Tori-16c

Tori-17

Tori-18

Tori-19

Tori-20

Covers-01

Covers-02

Covers-03

Covers-04

Covers-05

Covers-06

Covers-07

Covers-08

Covers-09

Covers-10

Covers-11

Covers-12

Covers-13

Covers-14

Covers-15a

Covers-15b

Covers-16

Covers-17

Covers-18

Covers-19

Quantizing
Chaos-01

Quantizing
Chaos-01b

Quantizing
Chaos-01c

Quantizing
Chaos-02

Quantizing
Chaos-03

Quantizing
Chaos-04

Quantizing
Chaos-05

Quantizing
Chaos-06

Quantizing
Chaos-07

Quantizing
Chaos-08

Quantizing
Chaos-09

Reps-01

Reps-02

Reps-03

Reps-04

Reps-05

Reps-06

Reps-07

Reps-08

Reps-09

Overview-01

Overview-02

Rossler-01

Rossler-02

Lorenz-01

Lorenz-02

Lorenz-03

Comparison-
01

BigView
Logistic Map

BigView Knife
Map

Comparison-
02

Logistic-01

Image
Lorenz-01

Logistic-02

Image
Lorenz-02

Side by
Side-01

Logistic-04

Image
Lorenz-04

Orbit
Search-01

Orbit
Search-02

Bifurcation-01

Bifurcation-02

Bifurcation-03

Orbit
Search-03

Orbit
Search-04

Skeleton-01

Skeleton-02

Skeleton-03

Rite of
Passage-01

Explosions-01

Explosions-02

Explosions-03

Explosions-04

Rite of
Passage-02

Rite of
Passage-03

Renormalization-
01

Explosions-05

Orbit
Search-05

Orbit
Search-06

Orbit
Search-07

Orbit
Search-08

Orbit
Search-09

Renormalization-
02

Renormalization-
03

Renormalization-
04

Renormalization-
05

Renormalization-
06

Renormalization-
07

Orbit
Search-05

Orbit
Search-08

Markers-01

U
Sequence-01

Endplay-01

Endplay-02

Lop-01

Lop-02

Lop-03

Lop-04

Lop-05

Lop-06

Lop-07

Lop-08

Lop-09

Lop-10

Lop-11

Lop-12

Lop-13

Lop-14

Lop-15

Lop-16

Lop-17

Summary-01

Summary-02

Summary-03

Summary-04

Summary-05

Summary-06

Summary-07

Summary-08

Summary-09

Summary-10

Used-Martin-
01

Used-Martin-
02

Used-Martin-
03

Used-Martin-
04

Used-Martin-
05

Used-Martin-
06

Used-Martin-
07

Used-Martin-
08

Used-Martin-
09

A Mechanism with Symmetry

Lorenz:

Attractor Branched Manifold



Alice in
Stretch &

SqueezeLand
The Marvels
of Topology
and Chaos

Robert
Gilmore

Introduction-
01

Introduction-
02

Overview-01

Overview-02

Overview-03

Overview-04

Overview-05

Overview-06

Overview-07

Experimental-
01

Experimental-
02

Experimental-
03

Experimental-
04

Experimental-
05

Experimental-
06a

Experimental-
06b

Experimental-
06c

Experimental-
07

Experimental-
08a

Experimental-
08b

Experimental-
09

Experimental-
10

Experimental-
11

Experimental-
12

Experimental-
13

BZ-01

BZ-02

BZ-03

BZ-04

BZ-05

BZ-06

BZ-07

BZ-08

BZ-09

BZ-10

BZ-11

Topology of
Orbits-01

Topology of
Orbits-02

Topology of
Orbits-03a

Topology of
Orbits-03a1

Topology of
Orbits-03a2

Topology of
Orbits-03a1-8

Topology of
Orbits-03b

Topology of
Orbits-04a

Topology of
Orbits-04b

Topology of
Orbits-05a

Topology of
Orbits-05b

Topology of
Orbits-06

Topology of
Orbits-07

Topology of
Orbits-08

Topology of
Orbits-09

Topology of
Orbits-10

Topology of
Orbits-11

Topology of
Orbits-12

Topology of
Orbits-13

Topology of
Orbits-14

Topology of
Orbits-15

Topology of
Orbits-16

Topology of
Orbits-17

Classification-
01

Classification-
02

Program-01

Program-02

Program-03

Program-04

Program-05

Program-06

Program-07

Program-08

Program-09

Program-10

Program-11

Program-12a

Program-12b

Program-13

Program-14

Program-15

Data-01

Data-02

Basis Sets of
Orbits-01

Basis Sets of
Orbits-02

Basis Sets of
Orbits-03

Basis Sets of
Orbits-04

Nerves-01

Nerves-02

Nerves-03

Nerves-04

Nerves-05

Nerves-06

Nerves-07

Nerves-08

Tori-01

Tori-02

Tori-03

Tori-04

Tori-05

Tori-06

Tori-07

Tori-08

Tori-09

Tori-10

Tori-11

Tori-12

Tori-13

Tori-14

Tori-15

Tori-16a

Tori-16b

Tori-16c

Tori-17

Tori-18

Tori-19

Tori-20

Covers-01

Covers-02

Covers-03

Covers-04

Covers-05

Covers-06

Covers-07

Covers-08

Covers-09

Covers-10

Covers-11

Covers-12

Covers-13

Covers-14

Covers-15a

Covers-15b

Covers-16

Covers-17

Covers-18

Covers-19

Quantizing
Chaos-01

Quantizing
Chaos-01b

Quantizing
Chaos-01c

Quantizing
Chaos-02

Quantizing
Chaos-03

Quantizing
Chaos-04

Quantizing
Chaos-05

Quantizing
Chaos-06

Quantizing
Chaos-07

Quantizing
Chaos-08

Quantizing
Chaos-09

Reps-01

Reps-02

Reps-03

Reps-04

Reps-05

Reps-06

Reps-07

Reps-08

Reps-09

Overview-01

Overview-02

Rossler-01

Rossler-02

Lorenz-01

Lorenz-02

Lorenz-03

Comparison-
01

BigView
Logistic Map

BigView Knife
Map

Comparison-
02

Logistic-01

Image
Lorenz-01

Logistic-02

Image
Lorenz-02

Side by
Side-01

Logistic-04

Image
Lorenz-04

Orbit
Search-01

Orbit
Search-02

Bifurcation-01

Bifurcation-02

Bifurcation-03

Orbit
Search-03

Orbit
Search-04

Skeleton-01

Skeleton-02

Skeleton-03

Rite of
Passage-01

Explosions-01

Explosions-02

Explosions-03

Explosions-04

Rite of
Passage-02

Rite of
Passage-03

Renormalization-
01

Explosions-05

Orbit
Search-05

Orbit
Search-06

Orbit
Search-07

Orbit
Search-08

Orbit
Search-09

Renormalization-
02

Renormalization-
03

Renormalization-
04

Renormalization-
05

Renormalization-
06

Renormalization-
07

Orbit
Search-05

Orbit
Search-08

Markers-01

U
Sequence-01

Endplay-01

Endplay-02

Lop-01

Lop-02

Lop-03

Lop-04

Lop-05

Lop-06

Lop-07

Lop-08

Lop-09

Lop-10

Lop-11

Lop-12

Lop-13

Lop-14

Lop-15

Lop-16

Lop-17

Summary-01

Summary-02

Summary-03

Summary-04

Summary-05

Summary-06

Summary-07

Summary-08

Summary-09

Summary-10

Used-Martin-
01

Used-Martin-
02

Used-Martin-
03

Used-Martin-
04

Used-Martin-
05

Used-Martin-
06

Used-Martin-
07

Used-Martin-
08

Used-Martin-
09

Examples of Branched Manifolds

Inequivalent Branched Manifolds



Alice in
Stretch &

SqueezeLand
The Marvels
of Topology
and Chaos

Robert
Gilmore

Introduction-
01

Introduction-
02

Overview-01

Overview-02

Overview-03

Overview-04

Overview-05

Overview-06

Overview-07

Experimental-
01

Experimental-
02

Experimental-
03

Experimental-
04

Experimental-
05

Experimental-
06a

Experimental-
06b

Experimental-
06c

Experimental-
07

Experimental-
08a

Experimental-
08b

Experimental-
09

Experimental-
10

Experimental-
11

Experimental-
12

Experimental-
13

BZ-01

BZ-02

BZ-03

BZ-04

BZ-05

BZ-06

BZ-07

BZ-08

BZ-09

BZ-10

BZ-11

Topology of
Orbits-01

Topology of
Orbits-02

Topology of
Orbits-03a

Topology of
Orbits-03a1

Topology of
Orbits-03a2

Topology of
Orbits-03a1-8

Topology of
Orbits-03b

Topology of
Orbits-04a

Topology of
Orbits-04b

Topology of
Orbits-05a

Topology of
Orbits-05b

Topology of
Orbits-06

Topology of
Orbits-07

Topology of
Orbits-08

Topology of
Orbits-09

Topology of
Orbits-10

Topology of
Orbits-11

Topology of
Orbits-12

Topology of
Orbits-13

Topology of
Orbits-14

Topology of
Orbits-15

Topology of
Orbits-16

Topology of
Orbits-17

Classification-
01

Classification-
02

Program-01

Program-02

Program-03

Program-04

Program-05

Program-06

Program-07

Program-08

Program-09

Program-10

Program-11

Program-12a

Program-12b

Program-13

Program-14

Program-15

Data-01

Data-02

Basis Sets of
Orbits-01

Basis Sets of
Orbits-02

Basis Sets of
Orbits-03

Basis Sets of
Orbits-04

Nerves-01

Nerves-02

Nerves-03

Nerves-04

Nerves-05

Nerves-06

Nerves-07

Nerves-08

Tori-01

Tori-02

Tori-03

Tori-04

Tori-05

Tori-06

Tori-07

Tori-08

Tori-09

Tori-10

Tori-11

Tori-12

Tori-13

Tori-14

Tori-15

Tori-16a

Tori-16b

Tori-16c

Tori-17

Tori-18

Tori-19

Tori-20

Covers-01

Covers-02

Covers-03

Covers-04

Covers-05

Covers-06

Covers-07

Covers-08

Covers-09

Covers-10

Covers-11

Covers-12

Covers-13

Covers-14

Covers-15a

Covers-15b

Covers-16

Covers-17

Covers-18

Covers-19

Quantizing
Chaos-01

Quantizing
Chaos-01b

Quantizing
Chaos-01c

Quantizing
Chaos-02

Quantizing
Chaos-03

Quantizing
Chaos-04

Quantizing
Chaos-05

Quantizing
Chaos-06

Quantizing
Chaos-07

Quantizing
Chaos-08

Quantizing
Chaos-09

Reps-01

Reps-02

Reps-03

Reps-04

Reps-05

Reps-06

Reps-07

Reps-08

Reps-09

Overview-01

Overview-02

Rossler-01

Rossler-02

Lorenz-01

Lorenz-02

Lorenz-03

Comparison-
01

BigView
Logistic Map

BigView Knife
Map

Comparison-
02

Logistic-01

Image
Lorenz-01

Logistic-02

Image
Lorenz-02

Side by
Side-01

Logistic-04

Image
Lorenz-04

Orbit
Search-01

Orbit
Search-02

Bifurcation-01

Bifurcation-02

Bifurcation-03

Orbit
Search-03

Orbit
Search-04

Skeleton-01

Skeleton-02

Skeleton-03

Rite of
Passage-01

Explosions-01

Explosions-02

Explosions-03

Explosions-04

Rite of
Passage-02

Rite of
Passage-03

Renormalization-
01

Explosions-05

Orbit
Search-05

Orbit
Search-06

Orbit
Search-07

Orbit
Search-08

Orbit
Search-09

Renormalization-
02

Renormalization-
03

Renormalization-
04

Renormalization-
05

Renormalization-
06

Renormalization-
07

Orbit
Search-05

Orbit
Search-08

Markers-01

U
Sequence-01

Endplay-01

Endplay-02

Lop-01

Lop-02

Lop-03

Lop-04

Lop-05

Lop-06

Lop-07

Lop-08

Lop-09

Lop-10

Lop-11

Lop-12

Lop-13

Lop-14

Lop-15

Lop-16

Lop-17

Summary-01

Summary-02

Summary-03

Summary-04

Summary-05

Summary-06

Summary-07

Summary-08

Summary-09

Summary-10

Used-Martin-
01

Used-Martin-
02

Used-Martin-
03

Used-Martin-
04

Used-Martin-
05

Used-Martin-
06

Used-Martin-
07

Used-Martin-
08

Used-Martin-
09

Aufbau Princip for Branched Manifolds

Any branched manifold can be built up from stretching and
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subject to the conditions:
• Outputs to Inputs

• No Free Ends
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•Determine organization of UPOs ⇒

•Determine branched manifold ⇒

•Determine equivalence class of SA
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Identification & ‘Confirmation’

• BM Identified by LN of small number of orbits

• Table of LN GROSSLY overdetermined

• Predict LN of additional orbits

• Rejection criterion
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What Do We Learn?
• BM Depends on Embedding
• Some things depend on embedding, some don’t
• Depends on Embedding: Global Torsion, Parity, ..
• Independent of Embedding: Mechanism
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A hodgepodge of methods exist: # Methods ' # Physicists

Validate the Model
Needed: Nonlinear analog of χ2 test. OPPORTUNITY:
Tests that depend on entrainment/synchronization.
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Construct a simple, algorithmic procedure for:

Classifying strange attractors

Extracting classification information

from experimental signals.



Alice in
Stretch &

SqueezeLand
The Marvels
of Topology
and Chaos

Robert
Gilmore

Introduction-
01

Introduction-
02

Overview-01

Overview-02

Overview-03

Overview-04

Overview-05

Overview-06

Overview-07

Experimental-
01

Experimental-
02

Experimental-
03

Experimental-
04

Experimental-
05

Experimental-
06a

Experimental-
06b

Experimental-
06c

Experimental-
07

Experimental-
08a

Experimental-
08b

Experimental-
09

Experimental-
10

Experimental-
11

Experimental-
12

Experimental-
13

BZ-01

BZ-02

BZ-03

BZ-04

BZ-05

BZ-06

BZ-07

BZ-08

BZ-09

BZ-10

BZ-11

Topology of
Orbits-01

Topology of
Orbits-02

Topology of
Orbits-03a

Topology of
Orbits-03a1

Topology of
Orbits-03a2

Topology of
Orbits-03a1-8

Topology of
Orbits-03b

Topology of
Orbits-04a

Topology of
Orbits-04b

Topology of
Orbits-05a

Topology of
Orbits-05b

Topology of
Orbits-06

Topology of
Orbits-07

Topology of
Orbits-08

Topology of
Orbits-09

Topology of
Orbits-10

Topology of
Orbits-11

Topology of
Orbits-12

Topology of
Orbits-13

Topology of
Orbits-14

Topology of
Orbits-15

Topology of
Orbits-16

Topology of
Orbits-17

Classification-
01

Classification-
02

Program-01

Program-02

Program-03

Program-04

Program-05

Program-06

Program-07

Program-08

Program-09

Program-10

Program-11

Program-12a

Program-12b

Program-13

Program-14

Program-15

Data-01

Data-02

Basis Sets of
Orbits-01

Basis Sets of
Orbits-02

Basis Sets of
Orbits-03

Basis Sets of
Orbits-04

Nerves-01

Nerves-02

Nerves-03

Nerves-04

Nerves-05

Nerves-06

Nerves-07

Nerves-08

Tori-01

Tori-02

Tori-03

Tori-04

Tori-05

Tori-06

Tori-07

Tori-08

Tori-09

Tori-10

Tori-11

Tori-12

Tori-13

Tori-14

Tori-15

Tori-16a

Tori-16b

Tori-16c

Tori-17

Tori-18

Tori-19

Tori-20

Covers-01

Covers-02

Covers-03

Covers-04

Covers-05

Covers-06

Covers-07

Covers-08

Covers-09

Covers-10

Covers-11

Covers-12

Covers-13

Covers-14

Covers-15a

Covers-15b

Covers-16

Covers-17

Covers-18

Covers-19

Quantizing
Chaos-01

Quantizing
Chaos-01b

Quantizing
Chaos-01c

Quantizing
Chaos-02

Quantizing
Chaos-03

Quantizing
Chaos-04

Quantizing
Chaos-05

Quantizing
Chaos-06

Quantizing
Chaos-07

Quantizing
Chaos-08

Quantizing
Chaos-09

Reps-01

Reps-02

Reps-03

Reps-04

Reps-05

Reps-06

Reps-07

Reps-08

Reps-09

Overview-01

Overview-02

Rossler-01

Rossler-02

Lorenz-01

Lorenz-02

Lorenz-03

Comparison-
01

BigView
Logistic Map

BigView Knife
Map

Comparison-
02

Logistic-01

Image
Lorenz-01

Logistic-02

Image
Lorenz-02

Side by
Side-01

Logistic-04

Image
Lorenz-04

Orbit
Search-01

Orbit
Search-02

Bifurcation-01

Bifurcation-02

Bifurcation-03

Orbit
Search-03

Orbit
Search-04

Skeleton-01

Skeleton-02

Skeleton-03

Rite of
Passage-01

Explosions-01

Explosions-02

Explosions-03

Explosions-04

Rite of
Passage-02

Rite of
Passage-03

Renormalization-
01

Explosions-05

Orbit
Search-05

Orbit
Search-06

Orbit
Search-07

Orbit
Search-08

Orbit
Search-09

Renormalization-
02

Renormalization-
03

Renormalization-
04

Renormalization-
05

Renormalization-
06

Renormalization-
07

Orbit
Search-05

Orbit
Search-08

Markers-01

U
Sequence-01

Endplay-01

Endplay-02

Lop-01

Lop-02

Lop-03

Lop-04

Lop-05

Lop-06

Lop-07

Lop-08

Lop-09

Lop-10

Lop-11

Lop-12

Lop-13

Lop-14

Lop-15

Lop-16

Lop-17

Summary-01

Summary-02

Summary-03

Summary-04

Summary-05

Summary-06

Summary-07

Summary-08

Summary-09

Summary-10

Used-Martin-
01

Used-Martin-
02

Used-Martin-
03

Used-Martin-
04

Used-Martin-
05

Used-Martin-
06

Used-Martin-
07

Used-Martin-
08

Used-Martin-
09

Determinism

How to predict the future from the past
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Constraints

Branched manifolds largely constrain the ‘perestroikas” that
forcing diagrams can undergo.

Is there some mechanism/structure that constrains the types of
perestroikas that branched manifolds can undergo?
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Constraints on Branched Manifolds

“Inflate” a strange attractor

Union of ε ball around each point

Boundary is surface of bounded 3D manifold

Torus that bounds strange attractor
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Torus and Genus

Torus, Longitudes, Meridians

Tori are identified by genus g and dressed with a surface flow
induced from that creating the strange attractor.
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Flows on Surfaces

Surface Singularities

Flow field: three eigenvalues: +, 0, –

Vector field “perpendicular” to surface

Eigenvalues on surface at fixed point: +, –

All singularities are regular saddles∑
s.p.(−1)index = χ(S) = 2− 2g

# fixed points on surface = index = 2g - 2

Singularities organize the surface flow dressing the torus
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Constraints Provided by Bounding Tori

Two possible branched manifolds

in the torus with g=4.
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Labeling Bounding Tori

Labeling Bounding Tori

Poincaré section is disjoint union of g-1 disks.

Transition matrix sum of two g-1 × g-1 matrices.

Both are g-1 × g-1 permutation matrices.

They identify mappings of Poincaré sections to P’sections.

Bounding tori labeled by (permutation) group theory.
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Aufbau Princip for Bounding Tori

Application: Lorenz Dynamics, g=3
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Representation Theory for g > 1

Can we extend the representation theory for strange attractors
“with a hole in the middle” (i.e., genus = 1) to higher-genus
attractors?

Yes. The results are similar.

Begin as follows:
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A specific simple example.
Partial classification by links of homotopy group generators.
Nightmare Numbers are Expected.
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Knot Type Gen. KT. - -

In R5 all representations (embeddings) of a genus-g strange
attractor become equivalent under isotopy.
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Representations

Representations

An embedding creates a diffeomorphism between an
(‘invisible’) dynamics in someone’s laboratory and a (‘visible’)
attractor in somebody’s computer.

Embeddings provide a representation of an attractor.

Equivalence is by Isotopy.

Irreducible is by Dimension
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Representations

Representations

We know about representations from studies of groups and
algebras.

We use this knowledge as a guiding light.
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Representation Labels

Inequivalent Irreducible Representations

Irreducible Representations of 3-dimensional Genus-one
attractors are distinguished by three topological labels:

Parity
Global Torsion
Knot Type

P
N
KT

ΓP,N,KT (SA)

Mechanism (stretch & fold, stretch & roll) is an invariant of
embedding. It is independent of the representation labels.
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Representation Labels

Global Torsion & Parity
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Equivalent Reducible Representations

Topological indices (P,N,KT) are obstructions to isotopy for
embeddings of minimum dimension (irreducible
representations).

Are these obstructions removed by injections into higher
dimensions (reducible representations)?

Systematically?
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Crossing Exchange in R4

Parity reversal is also possible in R4 by isotopy.
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Obstructions to Isotopy
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The Rossler return map is well approximated by the following
maps:
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The image of the Lorenz return map is well approximated by
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p Number Max. Coordinate Values

1 1 0
2 2 ±b2
3 4 ±(b± b2)2
· · · · · · · · ·
p+ 1 2p M (p+1) = sp(b+M (p))2
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As p→∞, with all sj = +1, the abscissa of the rightmost
point goes to a limit. The quadratic equation for this limit
gives:

y(b) =

(
1

2
− b−

√
1

4
− b

)
At b = 1

4 the bounding box is a square — beyond that the
diagonal fails to intersect all the zig - zags. Orbits begin to gen
pruned away in singulr saddle node bifurcations.
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Renormalization for the period-three explosion.

y′ = h(y; b3 + ε)→ ∆(b− b3) + α
√
|y| =

1.286974759(b− b3) + 0.7869747590
√
|y|

z′ = (∆/α2)(b3 − b)−
√
|z|
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Renormalization Algorithm: K10*
1 Write down the symbol sequence for the primary period-p

orbit: K10∗ = Kσ1σ2 · · ·σp−1.

2 Make the identification
σ = +1→ s = +1, σ = 0→ s = −1.

3 Construct f (p)(b; y)→

b−

√
sp−1(b− · · ·

√
s2(b−

√
s1(b−

√
y)) · · · )

4 Taylor expand this function to terms linear in b and
√
y

and determine the value of b for which the constant term
vanishes.
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Equations: K10*
For the saddle node pair 52 = K1001 this algorithm gives

b−

√√√√
(+1)(b−

√
(−1)(b−

√
(−1)(b−

√
(+1)(b−√y))))

The constant term vanishes for b = 0.418656, and for this
value of b

y′ = ∆(b− b52) + α
√
|y| = −3.231180∆b− 1.983690

√
|y|
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Results: K10* to Period 6

y′ = ∆(b− bc) + α
√
|y| y′, y ' 0

Orbit Symbolics bc ∆ α

31 K10 0.465571 1.286974 0.786974
42 K100 0.360157 2.624703 1.180563
53 K1000 0.318897 4.647225 1.664335
52 K1001 0.418656 −3.231180 −1.983690
51 K1011 0.513175 2.628970 1.509712
65 K10000 0.297846 7.481728 2.233184
64 K10001 0.340328 −8.535145 −3.639587
63 K10011 0.380540 7.596535 3.574548
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Return Map Approximations

The Rossler return map is well approximated by the following
maps:

x′ = λx(1− x)

x′ = a− x2

x′ = 1− µx2

x′ = 1−
∣∣∣∣x−mw

∣∣∣∣2
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Image of Lorenz Return Map

The image of the Lorenz return map is well approximated by
the following maps:

y′ = b− |y|1/2

y′ = 1− µ|y|1/2

y′ = 1−
∣∣∣∣y −mw

∣∣∣∣1/2
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Class of Lopsided Maps

x′ = f(x; k, a) = 1−
∣∣∣∣x−mw

∣∣∣∣k
1 Zero crossings at x = +1 and x = a, −1 ≤ a ≤ 0

2 Maximum at m = 1+a
2

3 Half-width w = 1−a
2

4 m+ w = 1
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The Road Ahead

Summary

1 Question Answered ⇒

2 Questions Raised

We must be on the right track !
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Our Hope

Original Objectives Achieved

There is now a simple, algorithmic procedure for:

Classifying strange attractors

Extracting classification information

from experimental signals.
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Our Result

Result

There is now a classification theory

for low-dimensional strange attractors.

1 It is topological

2 It has a hierarchy of 4 levels

3 Each is discrete

4 There is rigidity and degrees of freedom

5 It is applicable to R3 only — for now
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Four Levels of Structure

The Classification Theory has

4 Levels of Structure

1 Basis Sets of Orbits

2 Branched Manifolds

3 Bounding Tori

4 Extrinsic Embeddings
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The Classification Theory has

4 Levels of Structure

1 Basis Sets of Orbits
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Answered Questions

There is a Representation Theory for Strange Attractors

There is a complete set of rerpesentation labels for strange
attractors of any genus g.

The labels are complete and discrete.

Representations can become equivalent when immersed in
higher dimension.

All representations (embeddings) of a 3-dimensional strange
attractor become isotopic (equivalent) in R5.

The Universal Representation of an attractor in R5 identifies
mechanism. No embedding artifacts are left.

The topological index in R5 that identifies mechanism remains
to be discovered.
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Answered Questions

Some Unexpected Results
Perestroikas of orbits constrained by branched manifolds

Routes to Chaos = Paths through orbit forcing diagram

Perestroikas of branched manifolds constrained by
bounding tori

Global Poincaré section = union of g − 1 disks

Systematic methods for cover - image relations

Existence of topological indices (cover/image)

Universal image dynamical systems

NLD version of Cartan’s Theorem for Lie Groups

Topological Continuation – Group Continuuation

Cauchy-Riemann symmetries

Quantizing Chaos
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Unanswered Questions

We hope to find:
Robust topological invariants for RN , N > 3

A Birman-Williams type theorem for higher dimensions

An algorithm for irreducible embeddings

Embeddings: better methods and tests

Analog of χ2 test for NLD

Better forcing results: Smale horseshoe, D2 → D2,
n×D2 → n×D2 (e.g., Lorenz), DN → DN , N > 2

Representation theory: complete

Singularity Theory: Branched manifolds, splitting points
(0 dim.), branch lines (1 dim).

Singularities as obstructions to isotopy
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