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Abstract

Abstract

Analysis of experimental data from many physical systems
(lasers, chemical reactions, electrical circuits, vibrating strings)
has lead to a deeper understanding of low-dimensional strange
attractors and their perestroikas. They can now be classified.
The classification is topological, with four levels of structure.
Each is discrete. The signatures that identify these levels can
be and have been extracted from experimental data. These
advances have raised additional questions that require new
mathematics for their resolution.
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Background

J. R. Tredicce

Can you explain my data?

I dare you to explain my data!
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Motivation

Where is Tredicce coming from?

Feigenbaum: α = 4.66920 16091 .....
δ = −2.50290 78750 .....
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Experiment

Laser with Modulated Losses
Experimental Arrangement
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Our Hope

Original Objectives

Construct a simple, algorithmic procedure for:

Classifying strange attractors

Extracting classification information

from experimental signals.
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Our Result

Result

There is now a classification theory.

1 It is topological

2 It has a hierarchy of 4 levels

3 Each is discrete

4 There is rigidity and degrees of freedom

5 It is applicable to R3 only — for now
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Assumptions, B-W Theorem

A flow Φt(x)

• on Rn is dissipative, n = 3, so that
λ1 > 0, λ2 = 0, λ3 < 0.

•Generates a hyperbolic strange
attractor SA

IMPORTANT: The underlined assumptions can be relaxed.
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Conclusions, B-W Theorem

• The projection maps the strange attractor SA onto a
2-dimensional branched manifold BM and the flow Φt(x) on
SA to a semiflow Φ(x)t on BM.

• UPOs of Φt(x) on SA are in 1-1 correspondence with UPOs
of Φ(x)t on BM. Moreover, every link of UPOs of (Φt(x),SA)
is isotopic to the correspond link of UPOs of (Φ(x)t,BM).

Remark: “One of the few theorems useful to experimentalists.”



Chaos: What
Have We
Learned?

Robert
Gilmore

Introduction-
01

Introduction-
02

Overview-01

Overview-02

Overview-03

Overview-04

Overview-05

Overview-06

Overview-07

Experimental-
01

Experimental-
02

Experimental-
03

Experimental-
04

Experimental-
05

Experimental-
06a

Experimental-
06b

Experimental-
07

Experimental-
08a

Experimental-
08b

Topology of
Orbits-01

Topology of
Orbits-02

Topology of
Orbits-03a

Topology of
Orbits-03a1

Topology of
Orbits-03a2

Topology of
Orbits-03a1-8

Topology of
Orbits-03b

Topology of
Orbits-04a

Topology of
Orbits-04b

Topology of
Orbits-05a

Topology of
Orbits-05b

Topology of
Orbits-06

Topology of
Orbits-07

Topology of
Orbits-08

Topology of
Orbits-09

Topology of
Orbits-10

Topology of
Orbits-11

Topology of
Orbits-12

Topology of
Orbits-13

Topology of
Orbits-14

Topology of
Orbits-15

Topology of
Orbits-16

Topology of
Orbits-17

Classification-
01

Classification-
02

Program-01

Program-02

Program-03

Program-04

Program-05

Program-06

Program-07

Program-08

Program-09

Program-10

Program-11a

Program-11b

Program-12

Program-13

Program-14

Basis Sets of
Orbits-01

Basis Sets of
Orbits-02

Basis Sets of
Orbits-03

Basis Sets of
Orbits-04

Bounding
Tori-01

Bounding
Tori-02

Bounding
Tori-03

Bounding
Tori-04

Bounding
Tori-05

Bounding
Tori-06

Bounding
Tori-07

Bounding
Tori-08

Bounding
Tori-09

Bounding
Tori-10

Bounding
Tori-11

Bounding
Tori-12

Bounding
Tori-13

Bounding
Tori-14

Bounding
Tori-15

Bounding
Tori-16

Bounding
Tori-17

Covers-01

Covers-02

Covers-03

Covers-04

Covers-05

Covers-06

Covers-07

Covers-08

Covers-09

Covers-10

Covers-11

Covers-12

Covers-13

Covers-14

Covers-15

Covers-17

Covers-18

Quantizing
Chaos-01

Quantizing
Chaos-02

Quantizing
Chaos-03

Quantizing
Chaos-04

Quantizing
Chaos-05

Quantizing
Chaos-06

Quantizing
Chaos-07

Quantizing
Chaos-08

Quantizing
Chaos-09

Representation
Theory-01

Representation
Theory-02

Representation
Theory-03

Representation
Theory-04

Summary-01

Summary-02

Summary-03

Summary-04

Summary-05

Summary-06

Summary-07

Summary-08

A Very Common Mechanism
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Identification & ‘Confirmation’

• BM Identified by LN of small number of orbits

• Table of LN GROSSLY overdetermined

• Predict LN of additional orbits

• Rejection criterion
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What Do We Learn?
• BM Depends on Embedding
• Some things depend on embedding, some don’t
• Depends on Embedding: Global Torsion, Parity, ..
• Independent of Embedding: Mechanism



Chaos: What
Have We
Learned?

Robert
Gilmore

Introduction-
01

Introduction-
02

Overview-01

Overview-02

Overview-03

Overview-04

Overview-05

Overview-06

Overview-07

Experimental-
01

Experimental-
02

Experimental-
03

Experimental-
04

Experimental-
05

Experimental-
06a

Experimental-
06b

Experimental-
07

Experimental-
08a

Experimental-
08b

Topology of
Orbits-01

Topology of
Orbits-02

Topology of
Orbits-03a

Topology of
Orbits-03a1

Topology of
Orbits-03a2

Topology of
Orbits-03a1-8

Topology of
Orbits-03b

Topology of
Orbits-04a

Topology of
Orbits-04b

Topology of
Orbits-05a

Topology of
Orbits-05b

Topology of
Orbits-06

Topology of
Orbits-07

Topology of
Orbits-08

Topology of
Orbits-09

Topology of
Orbits-10

Topology of
Orbits-11

Topology of
Orbits-12

Topology of
Orbits-13

Topology of
Orbits-14

Topology of
Orbits-15

Topology of
Orbits-16

Topology of
Orbits-17

Classification-
01

Classification-
02

Program-01

Program-02

Program-03

Program-04

Program-05

Program-06

Program-07

Program-08

Program-09

Program-10

Program-11a

Program-11b

Program-12

Program-13

Program-14

Basis Sets of
Orbits-01

Basis Sets of
Orbits-02

Basis Sets of
Orbits-03

Basis Sets of
Orbits-04

Bounding
Tori-01

Bounding
Tori-02

Bounding
Tori-03

Bounding
Tori-04

Bounding
Tori-05

Bounding
Tori-06

Bounding
Tori-07

Bounding
Tori-08

Bounding
Tori-09

Bounding
Tori-10

Bounding
Tori-11

Bounding
Tori-12

Bounding
Tori-13

Bounding
Tori-14

Bounding
Tori-15

Bounding
Tori-16

Bounding
Tori-17

Covers-01

Covers-02

Covers-03

Covers-04

Covers-05

Covers-06

Covers-07

Covers-08

Covers-09

Covers-10

Covers-11

Covers-12

Covers-13

Covers-14

Covers-15

Covers-17

Covers-18

Quantizing
Chaos-01

Quantizing
Chaos-02

Quantizing
Chaos-03

Quantizing
Chaos-04

Quantizing
Chaos-05

Quantizing
Chaos-06

Quantizing
Chaos-07

Quantizing
Chaos-08

Quantizing
Chaos-09

Representation
Theory-01

Representation
Theory-02

Representation
Theory-03

Representation
Theory-04

Summary-01

Summary-02

Summary-03

Summary-04

Summary-05

Summary-06

Summary-07

Summary-08

Perestroikas of Strange Attractors

Evolution Under Parameter Change



Chaos: What
Have We
Learned?

Robert
Gilmore

Introduction-
01

Introduction-
02

Overview-01

Overview-02

Overview-03

Overview-04

Overview-05

Overview-06

Overview-07

Experimental-
01

Experimental-
02

Experimental-
03

Experimental-
04

Experimental-
05

Experimental-
06a

Experimental-
06b

Experimental-
07

Experimental-
08a

Experimental-
08b

Topology of
Orbits-01

Topology of
Orbits-02

Topology of
Orbits-03a

Topology of
Orbits-03a1

Topology of
Orbits-03a2

Topology of
Orbits-03a1-8

Topology of
Orbits-03b

Topology of
Orbits-04a

Topology of
Orbits-04b

Topology of
Orbits-05a

Topology of
Orbits-05b

Topology of
Orbits-06

Topology of
Orbits-07

Topology of
Orbits-08

Topology of
Orbits-09

Topology of
Orbits-10

Topology of
Orbits-11

Topology of
Orbits-12

Topology of
Orbits-13

Topology of
Orbits-14

Topology of
Orbits-15

Topology of
Orbits-16

Topology of
Orbits-17

Classification-
01

Classification-
02

Program-01

Program-02

Program-03

Program-04

Program-05

Program-06

Program-07

Program-08

Program-09

Program-10

Program-11a

Program-11b

Program-12

Program-13

Program-14

Basis Sets of
Orbits-01

Basis Sets of
Orbits-02

Basis Sets of
Orbits-03

Basis Sets of
Orbits-04

Bounding
Tori-01

Bounding
Tori-02

Bounding
Tori-03

Bounding
Tori-04

Bounding
Tori-05

Bounding
Tori-06

Bounding
Tori-07

Bounding
Tori-08

Bounding
Tori-09

Bounding
Tori-10

Bounding
Tori-11

Bounding
Tori-12

Bounding
Tori-13

Bounding
Tori-14

Bounding
Tori-15

Bounding
Tori-16

Bounding
Tori-17

Covers-01

Covers-02

Covers-03

Covers-04

Covers-05

Covers-06

Covers-07

Covers-08

Covers-09

Covers-10

Covers-11

Covers-12

Covers-13

Covers-14

Covers-15

Covers-17

Covers-18

Quantizing
Chaos-01

Quantizing
Chaos-02

Quantizing
Chaos-03

Quantizing
Chaos-04

Quantizing
Chaos-05

Quantizing
Chaos-06

Quantizing
Chaos-07

Quantizing
Chaos-08

Quantizing
Chaos-09

Representation
Theory-01

Representation
Theory-02

Representation
Theory-03

Representation
Theory-04

Summary-01

Summary-02

Summary-03

Summary-04

Summary-05

Summary-06

Summary-07

Summary-08

Perestroikas of Strange Attractors

Evolution Under Parameter Change



Chaos: What
Have We
Learned?

Robert
Gilmore

Introduction-
01

Introduction-
02

Overview-01

Overview-02

Overview-03

Overview-04

Overview-05

Overview-06

Overview-07

Experimental-
01

Experimental-
02

Experimental-
03

Experimental-
04

Experimental-
05

Experimental-
06a

Experimental-
06b

Experimental-
07

Experimental-
08a

Experimental-
08b

Topology of
Orbits-01

Topology of
Orbits-02

Topology of
Orbits-03a

Topology of
Orbits-03a1

Topology of
Orbits-03a2

Topology of
Orbits-03a1-8

Topology of
Orbits-03b

Topology of
Orbits-04a

Topology of
Orbits-04b

Topology of
Orbits-05a

Topology of
Orbits-05b

Topology of
Orbits-06

Topology of
Orbits-07

Topology of
Orbits-08

Topology of
Orbits-09

Topology of
Orbits-10

Topology of
Orbits-11

Topology of
Orbits-12

Topology of
Orbits-13

Topology of
Orbits-14

Topology of
Orbits-15

Topology of
Orbits-16

Topology of
Orbits-17

Classification-
01

Classification-
02

Program-01

Program-02

Program-03

Program-04

Program-05

Program-06

Program-07

Program-08

Program-09

Program-10

Program-11a

Program-11b

Program-12

Program-13

Program-14

Basis Sets of
Orbits-01

Basis Sets of
Orbits-02

Basis Sets of
Orbits-03

Basis Sets of
Orbits-04

Bounding
Tori-01

Bounding
Tori-02

Bounding
Tori-03

Bounding
Tori-04

Bounding
Tori-05

Bounding
Tori-06

Bounding
Tori-07

Bounding
Tori-08

Bounding
Tori-09

Bounding
Tori-10

Bounding
Tori-11

Bounding
Tori-12

Bounding
Tori-13

Bounding
Tori-14

Bounding
Tori-15

Bounding
Tori-16

Bounding
Tori-17

Covers-01

Covers-02

Covers-03

Covers-04

Covers-05

Covers-06

Covers-07

Covers-08

Covers-09

Covers-10

Covers-11

Covers-12

Covers-13

Covers-14

Covers-15

Covers-17

Covers-18

Quantizing
Chaos-01

Quantizing
Chaos-02

Quantizing
Chaos-03

Quantizing
Chaos-04

Quantizing
Chaos-05

Quantizing
Chaos-06

Quantizing
Chaos-07

Quantizing
Chaos-08

Quantizing
Chaos-09

Representation
Theory-01

Representation
Theory-02

Representation
Theory-03

Representation
Theory-04

Summary-01

Summary-02

Summary-03

Summary-04

Summary-05

Summary-06

Summary-07

Summary-08

An Unexpected Benefit

Analysis of Nonstationary Data

Lefranc - Cargese



Chaos: What
Have We
Learned?

Robert
Gilmore

Introduction-
01

Introduction-
02

Overview-01

Overview-02

Overview-03

Overview-04

Overview-05

Overview-06

Overview-07

Experimental-
01

Experimental-
02

Experimental-
03

Experimental-
04

Experimental-
05

Experimental-
06a

Experimental-
06b

Experimental-
07

Experimental-
08a

Experimental-
08b

Topology of
Orbits-01

Topology of
Orbits-02

Topology of
Orbits-03a

Topology of
Orbits-03a1

Topology of
Orbits-03a2

Topology of
Orbits-03a1-8

Topology of
Orbits-03b

Topology of
Orbits-04a

Topology of
Orbits-04b

Topology of
Orbits-05a

Topology of
Orbits-05b

Topology of
Orbits-06

Topology of
Orbits-07

Topology of
Orbits-08

Topology of
Orbits-09

Topology of
Orbits-10

Topology of
Orbits-11

Topology of
Orbits-12

Topology of
Orbits-13

Topology of
Orbits-14

Topology of
Orbits-15

Topology of
Orbits-16

Topology of
Orbits-17

Classification-
01

Classification-
02

Program-01

Program-02

Program-03

Program-04

Program-05

Program-06

Program-07

Program-08

Program-09

Program-10

Program-11a

Program-11b

Program-12

Program-13

Program-14

Basis Sets of
Orbits-01

Basis Sets of
Orbits-02

Basis Sets of
Orbits-03

Basis Sets of
Orbits-04

Bounding
Tori-01

Bounding
Tori-02

Bounding
Tori-03

Bounding
Tori-04

Bounding
Tori-05

Bounding
Tori-06

Bounding
Tori-07

Bounding
Tori-08

Bounding
Tori-09

Bounding
Tori-10

Bounding
Tori-11

Bounding
Tori-12

Bounding
Tori-13

Bounding
Tori-14

Bounding
Tori-15

Bounding
Tori-16

Bounding
Tori-17

Covers-01

Covers-02

Covers-03

Covers-04

Covers-05

Covers-06

Covers-07

Covers-08

Covers-09

Covers-10

Covers-11

Covers-12

Covers-13

Covers-14

Covers-15

Covers-17

Covers-18

Quantizing
Chaos-01

Quantizing
Chaos-02

Quantizing
Chaos-03

Quantizing
Chaos-04

Quantizing
Chaos-05

Quantizing
Chaos-06

Quantizing
Chaos-07

Quantizing
Chaos-08

Quantizing
Chaos-09

Representation
Theory-01

Representation
Theory-02

Representation
Theory-03

Representation
Theory-04

Summary-01

Summary-02

Summary-03

Summary-04

Summary-05

Summary-06

Summary-07

Summary-08

Last Steps

Model the Dynamics
A hodgepodge of methods exist: # Methods ' # Physicists

Validate the Model
Needed: Nonlinear analog of χ2 test. OPPORTUNITY:
Tests that depend on entrainment/synchronization.
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Our Hope → Now a Result

Compare with Original Objectives

Construct a simple, algorithmic procedure for:

Classifying strange attractors

Extracting classification information

from experimental signals.
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There Are Some Missing Orbits

Lorenz Shimizu-Morioka
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Orbit Forcing
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An Ongoing Problem

Status of Problem

Horseshoe organization - active

More folding - barely begun

Circle forcing - even less known

Higher genus - new ideas required
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# fixed points on surface = index = 2g - 2
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Bounding Tori contain all known
Strange Attractors
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Partial classification by links of homotopy group generators.
Nightmare Numbers are Expected.
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1
τ

∫ τ

0
XdY−Y dX

L(Ω) = 〈uv̇ − vu̇〉

= L(0) + Ω〈R2〉

K(0) = lim
τ→∞

1
τ

∫ τ

0

1
2

(Ẋ2+Ẏ 2)dt

K(Ω) = 〈1
2

(u̇2 + v̇2)〉

= K(0) + ΩL(0) +
1
2

Ω2〈R2〉

〈R2〉 = lim
τ→∞

1
τ

∫ τ
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(X2 + Y 2)dt = lim

τ→∞
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τ

∫ τ
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(u2 + v2)dt
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Embeddings

An embedding creates a diffeomorphism between an
(‘invisible’) dynamics in someone’s laboratory and a (‘visible’)
attractor in somebody’s computer.

Embeddings provide a representation of an attractor.

Equivalence is by Isotopy.

Irreducible is of Minimum Dimension
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Representation Labels

Inequivalent Irreducible Representations

Irreducible Representations of 3-dimensional Genus-one
attractors are distinguished by three topological labels:

Parity
Global Torsion
Knot Type

P
N
KT

ΓP,N,KT (SA)

Mechanism (stretch & fold, stretch & roll) is an invariant of
embedding. It is independent of the representation labels.
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Creating Isotopies

Equivalent Reducible Representations

Topological indices (P,N,KT) are obstructions to isotopy for
embeddings of minimum dimension (irreducible
representations).

Are these obstructions removed by injections into higher
dimensions (reducible representations)?

Systematically?
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Creating Isotopies

Equivalences by Injection
Obstructions to Isotopy

R3

Global Torsion
Parity
Knot Type

→ R4

Global Torsion
(mod 2)

→ R5

There is one Universal reducible representation in RN , N ≥ 5.
In RN the only topological invariant is mechanism.
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The Road Ahead

Summary

1 Question Answered ⇒ 2 Questions Raised

We must be on the right track !
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Our Hope

Original Objectives Achieved

There is now a simple, algorithmic procedure for:

Classifying strange attractors

Extracting classification information

from experimental signals.
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Our Result

What Have We Learned?

There is now a classification theory

for low-dimensional strange attractors.

1 It is topological

2 It has a hierarchy of 4 levels

3 Each is discrete

4 There is rigidity and degrees of freedom

5 It is applicable to R3 only — for now
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The Classification Theory has
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1 Basis Sets of Orbits

2 Branched Manifolds
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4 Extrinsic Embeddings
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Answered Questions

Some Unexpected Results
Perestroikas of orbits constrained by branched manifolds
Routes to Chaos = Paths through orbit forcing diagram
Perestroikas of branched manifolds constrained by
bounding tori
Global Poincaré section = union of g − 1 disks
Systematic methods for cover - image relations
Existence of topological indices (cover/image)
Universal image dynamical systems
NLD version of Cartan’s Theorem for Lie Groups
Topological Continuation – Group Continuation
Cauchy-Riemann Symmetries
Quantizing Chaos
Representation labels for inequivalent embeddings
Representation Theory for Strange Attractors
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Unanswered Questions

HELP:
Robust topological invariants for RN , N > 3
A Birman-Williams type theorem for higher dimensions

An algorithm for irreducible embeddings

Embeddings: better methods and tests

Analog of χ2 test for NLD

Better forcing results: Smale horseshoe, D2 → D2,
n×D2 → n×D2 (e.g., Lorenz), DN → DN , N > 2
A new Representation theory

Singularity Theory: Branched manifolds, splitting points
(0 dim.), branch lines (1 dim).

Catastrophe Theory ↔ Nonlinear Dynamics Connection
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