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Cimer Thank You to All My Friends
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My colleagues and my friends — my colleagues are my friends
— introduced me to and then helped to guide me through this

new and delightful field.
Many are assembled here today.

To all | express my thanks for helping to make this such a
festive occassion.
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Usual Culprits: 1

aleott Where it all began:

Friends Hey Bob, these guys down the hall are doing fantastic stuff ...
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Elia Eschenazi
The go-between
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aleott Where it all began:

Friends . . . .
My friends tell me you like to speak to experimentalists ...
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Jorge Tredicce
“I like to ski the walls ...."
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Can you explain my data?

I bet you can’t explain my data!
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]

a= 4.66920 16091 .....

Feigenbaum: § = —2.50290 78750 .....
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Searc-h‘ for .fnv-zi'riants



Strange Attractor
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The Q limit set of the flow. There are
unstable periodic orbits “in” the
strange attractor. They are

e “Abundant”
e Outline the Strange Attractor

e Are the Skeleton of the Strange Attractor



Ask the Masters: 2 & 3

St Periodic Orbits are the Key
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Joseph Fourier Henri Poincare
Linear Systems Nonlinear Systems
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Here is a Strange Attractor (Belousov-Zhabotinskii Reaction)




Usual Culprits: 3 & 4
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Hernan G. Solari Gabriel B. Mindlin
(disguised as Cristal)
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Here is a period-one orbit in the attractor.




UPOs: Skeletons of Strange Attractors
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Period-1 and period-2 orbits from the attractor.
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UPOs: Skeletons of Strange Attractors

Lots of them.



Ask the Masters: 4
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Carl Friedrich Gauss
They Link: Pairwise, 3-Wise, ...



Dynamics and Topology
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# Interpretations of LN ~ # Mathematicians in World



Linking Numbers

Nk Linking Number of Two UPOs

Friends

trivial knot

trefoil knol\_/

Figure 6. Left: two periodic orbits of periods | and 4 embedded in a strange attractor; Right: a link of two
krts that is equivalent to the pair of periodic arbits up to contimous deformations without crossings.

Lefranc - Cargese



A Chaotic
Walk with
Friends

Determine Topological Invariants

Compute Table of Experimental LN

Table 7.2 Linking numbers for all the surrogate periodic orbits, to period 3, extracted fiom
Eelom sov—Zhabotin skii data®

Orbit Symbolics 1 2 3 4 5 a 7 Ba Bh
1 1 ] 1 1 2 2 2 3 4 3
2 o1 1 1 2 3 4 4 7] g ]
3 011 1 2 2 4 ] i T ] 5
4 oi11 2 3 4 ) ] 5 11 13 12
5 01011 2 4 5 & ] 1a 13 16 15
] 011 0na1 2 4 i ] 10 a 14 16 15
7 0101011 3 7] T 11 13 14 18 21 21
Ha 01010111 4 ] i 13 16 18 21 23 24
ik 01011 011 3 ] i 12 15 18 21 24 21

24l indices am negative.
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Ask the Masters: 5 & 6
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Systematics of Linking Number Tables

Joan S. Birman Robert F. Williams

Construct a Branched Manifold



Collapse Along the Stable Manifold
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Ask the Masters: 7 & 8
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Walk with Two Standard Strange Attractors
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Otto Rossler Edward Lorenz



A Very Common Mechanism
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A Mechanism with Symmetry
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Motion of Blobs in Phase Space
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Aufbau Princip for Branched Manifolds
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SQUEEZE

2. BRANCH
LINE

FLCAW

subject to the conditions:
e QOutputs to Inputs

o No Free Ends



Dynamics and Topology
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(a) Rdssler Equations




Dynamics and Topology
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Dynamics and Topology
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Walk with Poincaré Smiles at Us in r3

Friends

Robert
Gilmore

e Determine organization of UPOs =
e Determine branched manifold =

e Determine equivalence class of s4
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We Like to be Organized

PERIOD

y

PERIODIC TABLE OF THE ELEMENTS

Group
R haps e splchr periodrient
vk RELATIVE ATOMIC MASS (1) [vesl [ Semmets [] Nometal
T H arour e arovecs | il avarmom
HoROGEN 2 1A 13 3 B 13 UA 14 VA IS VA 16 VIA 1T VIA
coni[i worz | aroc e (8T 0an -j——— oy Tasn 6 2on]7 wwo[8 r5ems]9 resss |10 @z
2| Li | Be srwo. s ["nonso smare 100, 101k7a) C | N|O|F [Ne
[ et N Fe nRoGe | oxveen | ruorine
I 2200 [12 24205 28000 15 a0 16 32055 17 6.3 I8 800
ELEMENT AN
3| Na | Mg - Al S | Cl | Ar
3 i 4 VB § B 6 VIE 7 VIE 8 9 ST 11 B 12 AN SULPHUR | CHLORNE
9 39008 40078 | 21 44.956 | 22 47.867 | 23 50.942 | 24 51.996 (25 54.938 |26 55.845 [ 27 58,933 |28 58.603 | 29 63.546 | 30 6529 |31 69.723 34 789535 79.901 (36 8280
4K |Ca| Sc | Ti Cr [Mn | Fe | Co | Ni | Cu | Zn | Ga Se | Br
85468 8762 |39 88.006 | 40 91.224 (41 92906 (42 0504 (43 (98) |44 101.07 | 45 1020146 108.42 |47 107.67 |48 11241(49 11452|50 11871 53 12800 |84 131.29)
SIRb | Sr | Y |Zr |[Nb Mo | Tt |Ru|[Rh|Pd | Ag | Cd| In | Sn 1 | Xe
5 12291 [86 19733 57.71 [72 17849 |73 18095 |74 18304 |75 18621 76 19023[ 77 19222| 78 195.08 |79 196.57 |80 20050 |81 2maz8|82 2072 4 (20985 (21086 (222)
6fCs | Ba [LaLu| Hf | Ta | W | Re | Os [ Ir | Pt | Au| Hg | Tl | Pb At | Rn
hanide] nsame | Taraum | runcsTen | mimwm | oswow | moww | eamam | cow | wercur | moauon LEAD ASTATINE
e (88 G20 | 5o.103 [104 o0 [105 52106 @5e)[107 e 108 @ | 109 o110 o111 72| 112 (ass) e
7 FEc FRa fAcLe FRE | Db | Sg | Bh [ Hs | Mt |Unn|Unw | Uab Uug
Actinide b nieronow| pusnum_[sensorsum|_sorrum | rassin UNUNSIUM
LaTHANDE
o o 7800 4 755 00 (57 aman | 8 140129 anon [ 60 14421 [61 ()] 62 1508 63 15150 [ 64 1572565 15033 66 16250 67 trs3 |68 16726 69 reas |70 13|71 r7aa7
Rt s i . o i b3
seritzzvezs | La | Ce | Pr [ Nd [Pm|Sm | Eu | Gd | Tb | Dy | Ho | Er |Tm | Yb | Lu
s e ke e gl
RS Ao
compaston. and o s atmc wagri = |89 (227) 90 23204 [91 231.04[92 203[93 (27|94 (20)[95 23)[86 @41 [BT 27|08 @51)[89 sz 100 o7 01 ezse 02 (250

e

Ac

Th

Pa

U

Np

Pu

Amn

Cm

Bl

Cft

[Es

[Fmn

MIdl

No

T o)
L




We Like to be Organized
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Experimental Chart of Nuclides 2000
2975 isotopes
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Half-life Range
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Topological Analysis Program
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Locate Periodic Orbits

Create an Embedding

Determine Topological Invariants (LN)
Identify a Branched Manifold

Verify the Branched Manifold

Additional Steps

Model the Dynamics
Validate the Model
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Nicholas B. Tufillaro Mario A. Natiello
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Embeddings

v Embeddings (= Black Magic)

Friends

Robert
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Many Methods: Time Delay, Differential, Hilbert Transforms,
SVD, Mixtures, ...

Tests for Embeddings: Geometric, Dynamic, Topological
None Good

We Demand a 3 Dimensional Embedding



Locate UPOs

Wai with An Embedding and Periodic Orbits
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Figure 5. Left: a chaotic attractor reconstructed from atime series from a chaotic laser : Right : Superposition
of 12 perodic orbits of perods from 1w 10

Lefranc - Cargese



Usual Culprits: 7

The Topology of Chaos

Marc Lefranc
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Tabulate Topological Invariants

Compute Table of Experimental LN

Table 7.2 Linking numbers for all the surrogate periodic orbits, to period 3, extracted fiom
Eelom sov—Zhabotin skii data®

Orbit Symbolics 1 2 3 4 5 a 7 Ba Bh
1 1 ] 1 1 2 2 2 3 4 3
2 o1 1 1 2 3 4 4 7] g ]
3 011 1 2 2 4 ] i T ] 5
4 oi11 2 3 4 ) ] 5 11 13 12
5 01011 2 4 5 & ] 1a 13 16 15
] 011 0na1 2 4 i ] 10 a 14 16 15
7 0101011 3 7] T 11 13 14 18 21 21
Ha 01010111 4 ] i 13 16 18 21 23 24
ik 01011 011 3 ] i 12 15 18 21 24 21

24l indices am negative.




Compare Topological Invariants
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Walk with Compare w. LN From Various BM

Friends

Robert
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Propose Branched Manifold

Guess Branched Manifold

Lefranc - Cargese

zation {right) created




Comparison Step
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e BM ldentified by LN of small number of orbits
e Table of LN GROSSLY overdetermined
e Predict LN of additional orbits

e Rejection criterion (Fail to Reject Hp)



A Perestroika
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Evolution Under Parameter Change

m {modulation amplitude) FIBER LASER

A =
AN

YAG LASER

Figure 11, Varous templates observed in two laser experiments. Top left: schematic represenation of the
parmmeter space of forced nonlinear oscillators showing resonunce tongues. Right: templates observed in the
fiber laser experiment: global tomsion incre systematically from one to to the next [40]. Bottom left:
templates observed in the YAG laser experiment {only the branches are shown): there is a variation in the
topological organization across one chaotic tongue (39,41




An Unexpected Benefit
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Figure 16, Top left: time series from an optical parametric oscillator showing a burst of irregular behavior.
Bottom lefi: segment of the time series containing a periodic orbit of perod 9. Right: embeddi I the '|'.lt.J'ItJdIC.

arbit in a reconstructed phase space and representation of the brid realized by the orbit, The braid entmopy is
hep = 0L.377, showing that the underlying dynamics is chuotic. Reprinted from [61].

Lefranc - Cargese



A Prediction Realized
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TABLE 1 - Folding processes characteristic of the different species of emplates
treated in this work

Robert

- Species Horseshoe Renerse Out-to-in In-io-out Staple
Gilmore horseshoe spiral spiral
Code inFig 1 v Naot found
] wopen | Nl | g
Inser tion 0 (o w2 am @2 or 210
matrix 12m
—— . e _
ril;;-rchonhe e - ' U E'l
ng process ¢
> (
D S D B oae &

110 10 9 8 4 3
Voo m=(0.93
: Vol m=0.78
- R - -
Ty o m=0.73
117 1/6 1/5 1/4 1/3 1/2 1

Modulation frequency normalized to the natural frequency

Used and Martin (2010)



Orbits Can be “Pruned”

s There Are Some Missing Orbits
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Lorenz Shimizu-Morioka



Usual Culprits: 8
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Walk with There Are Some Missing Orbits

Friends

Francisco Papoff

Arimondo et al.
e The branched manifold remains unchanged,
e the spectrum of orbits on it changes.



An Ongoing Problem
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An Ongoing Problem

W Status of Problem

Friends

Robert

Gilmore
Horseshoe organization - active
More folding - barely begun

Circle forcing - even less known

Higher genus - new ideas required
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Friends
symmetry groups & strange attractors?

Elie Cartan



Universal Covering Group
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Perestroikas of Branched Manifolds
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e “Inflate” a strange attractor
e Union of ¢ ball around each point
e Boundary is surface of bounded 3D manifold

e Torus that bounds strange attractor
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Leonard Euler
Count holes: x(OM)



Torus and Genus
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Markov Matrices and Symmetric Cycles



Motivation

Some Genus-9 Bounding Tori




Labeling Bounding Tori

A Chaotic

Wik with Labeling Bounding Tori
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Poincaré section is disjoint union of g-1 disks
Transition matrix sum of two g-1 x g-1 matrices
One is cyclic g-1 x g-1 matrix

Other represents union of cycles

Labeling via (permutation) group theory



Aufbau Princip for Bounding Tori
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Ut  Any bounding torus can be built up
from equal numbers of stretching and
squeezing units

Robert
Gilmore

e Outputs to Inputs
e No Free Ends
e Colorless



Aufbau Princip for Bounding Tori
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Poincaré Section
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P. S. = Union .

# Components = g-1



Exponential Growth

aleott The Growth is Exponential
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g™ (p1o73, P maRa . mg—1
[ I —

1
111
TIIL
1212
T
12112
T
12121
12112
12122
131313
Tim
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13313
T
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12112
11122122
11151315
11212212
12121212
11mm22
11221122
11221212
11311313
12021222
131332
14141414

TABLE I Number of canonical bounding tori as a func-
kion ef genus, g

Mgl g Nig) ¢ Nig)
1 0 15 15 2211
110 22 16 554R
211 &7 17 14200
2 12 145 15 BEM
5
[}

13 383 10 08347
14 BT0 20 252027
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Magician with permutation group cycles.



Exponential Growth
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Wl ot The Growth is Exponential

ﬂ* The Entropy is log 3

Bounding Torus Entropy
Log[N(g)l(g-1)

Log[N(g)Jie-1)

gy



Constraints Provided by Bounding Tori

A Chaotic

g Two possible branched manifolds

Friends

G in the torus with g=4.




Extrinsic Embedding of Bounding Tori
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Walk with Extrinsic Embedding of Intrinsic Tori
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Partial classification by links of homotopy group generators.
Nightmare Numbers are Expected.
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Eugene Wigner

Of course! There is a representation theory for everything!
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What is it? How does it work?

Daniel J. Cross Daniel J. Cross
Hard at work (pretending)! Instructing us.
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What? How ?




The Road Ahead

Summary

1 Question Answered -

2 Questions Raised

We must be on the right track !



Our Hope

A Chaotic

i Original Objectives Achieved

Friends

Robert

Gilmore

There is now a simple, algorithmic procedure for:
o Classifying strange attractors

o Extracting classification information

from experimental signals.



Our Result

A Chao_tic
Result

Robert
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There is now a classification theory

for low-dimensional strange attractors.

@ It is topological

@ It has a hierarchy of 4 levels

© Each is discrete

@ There is rigidity and degrees of freedom
@ |t is applicable to R3 only — for now



Four Levels of Structure

The Classification Theory has

4 Levels of Structure



Four Levels of Structure

The Classification Theory has

4 Levels of Structure

@ Basis Sets of Orbits



Four Levels of Structure

W The Classification Theory has

Friends
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4 Levels of Structure

@ Basis Sets of Orbits
@ Branched Manifolds



Four Levels of Structure

W The Classification Theory has
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4 Levels of Structure

@ Basis Sets of Orbits
@® Branched Manifolds
© Bounding Tori



Four Levels of Structure

W The Classification Theory has
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4 Levels of Structure

@ Basis Sets of Orbits
@ Branched Manifolds
© Bounding Tori

@ Extrinsic Embeddings



Four Levels of Structure
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Topological Components

Poetic Organization

LINKS OF PERIODIC ORBITS
organize
BOUNDING TORI
organize
BRANCHED MANIFOLDS
organize
LINKS OF PERIODIC ORBITS
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