PHYS 501: Mathematical Physics I

Fall 2011
Homework #4
Solutions
1. The desired integral is
I /1 dx
~1 (a2 +22)V1 — 22
We can’t simply choose a contour that runs from z = —1 to z = 1 along the top of the branch

cut, loops around z = 1 and returns along the bottom of the cut, because the integrand is
not analytic along the entire length of the cut, so the conditions for application of the residue
theorem are not satisfied. Instead, we choose a contour that runs from z = —1 to z = 1 along
the top of the cut, and from z = 1 to z = R along the positive real axis, then circles the entire
complex plane at radius |z| = R (contour Cg, say), returns from z = R to z = 1 along the
positive real axis, runs from z = 1 to z = —1 along the bottom of the cut, and finally closes
by looping around z = —1 on a circle C¢ of radius e. Then

1/2

e the integrand is only mildly singular at z = —1, so the integral around C, ~ €'/* — 0 as

e — 0,
e the integral around Cr ~ R™2 — 0 as R — oo,
e the integral from z = —1to 2 =11is I,

e the presence of the branch cut means that there is a sign change as we cross the cut—
specifically, for z = iy, V1 — 22 = +/1 +y2 for y > 0 and —+/1 + 32 for y < 0, so the
integral from z =1to z = —1is —(—I) =1,

e the two integrals between z = 1 and z = R cancel,

e the contour encloses poles at z = =+ia; taking into account the sign change across the
cut, the residue at each is 1/2iav/1 + a?.

Thus we have, by the residue theorem,

2
o = 2mi [ — =) |
(2ia\/1 +a2)

or
™

= ——— .
av'1+ a?

2. (a) We seek a series solution of the ODE (1 — 22)y” — zy/ + n?y = 0 in the form

o o
y(z) = 2" Z ™ = Z Cm 2™
m=0 m=0



where ¢y # 0. Substituting the sum into the differential equation yields

[ee)
Z (m +k)(m 4k — 1) ¢y a™TF2
m=0
[e.e]
— > (m+k)(m+k—1)cpa™t?
m=0
o
Z m+k) ey x Tk
m=0
+ Z nep ™t = 0,
m=0
or, collecting terms
[e.e]
Z (m4+k—+2)(m~+k~+1)cppg ™tk
m=—2
[e.e]
—Z {(m+k)(m+k—l)cma:m+k
m=0
+ (m + k) ey ™
— n2cmxm+k} = 0.
The leading term (2*72, from m = —2 in the first sum) gives the indicial equation
E(k—1)=0,

so k =0 or 1. For k = 0 the next term [(k + 1)k ¢1] is automatically zero, so there is no
constraint on ¢;. For k = 1, we must have ¢; = 0. The remaining terms imply

(m+k+2)(m+k+1)cne = [(m+k)?—n?cm,

connecting even to even and odd to odd terms. Obviously, the odd terms in the k = 0 case,
starting with cix, give the same sequence as the even terms in the k = 1 case, starting with
cox. Accordingly, we can consider the odd and even series separately. Both are regular at
z=0.
Since

(m+k)?—
m+k+2)(mtkt1)™

we see that lim, oo ¢mi2/cm = 1, and the ratio test shows that each series has radius of
convergence 1; in fact, both converge for |z| = 1 (see Arfken & Weber, §5.2). Both series
diverge for |z| > 1 unless n is an integer, in which case the series terminate at m = n — k.
(The solution in this case is the Chebyshev polynomial T;,.)

Cm+2 =

(b) We again seek a series solution of the form

oo
5 cnamth
m=0



Because the differential equation 4x%y” + (1 — p?)y = 0 is homogeneous, substituting this
series into the equation implies that

[Am +E)(m+k—1)+ (1 —pHen =0

for all m. Since ¢y # 0, we obtain

SO

For m > 0, we find
dm(m £ p)ey, =0,

S0 ¢, = 0 unless p = Fm, in which case m+ k = %(1 Fp), that is, the non-vanishing term is
just the other power-law solution. Thus the two solutions are

ylw) = a3,

and these are easily shown to be independent by computing their Wronskian.

. The first solution of
y// _ 2$y/ — 0

is y1(z) = 1. The Wronskian development gives, for the second solution

yz(fﬂ):yl(w)/ e /PP g

where P(x) = —2x here. Thus

T 22 C o0 IIJ‘2n+1
= 2 d = + —_,
a() / c o nZ:‘B nl(2n + 1)

where C'is a constant. Near x =0, yo ~ C' + x.

. The Green’s function G(z,z’) for the inhomogeneous ODE 3" — k%y = f(x) is determined
by solving the differential equation with f(z) = 6(z — 2’) in 0 < (z,2’) < L, and matching
solutions at = 2/ so that G is continuous and [G']T = 1. The boundary conditions are
y(0) =y(L) =0. In 0 < z < 2/, the solution satisfying the boundary condition at x = 0 is

y(x) = Csinhkx .
The corresponding solution in 2’ <z < L is
y(z) = C'sinhk(z — L).
The continuity and jump conditions at x = x’ are

Csinhkr’ = ('sinhk(z' — L)
Ckcoshks’ = C'kcoshk(x' —L)—1,



SO

sinh k(2 — L)

¢ = ke sinh kL
, _ sinhka
¢ ~ ksinhkL’

where we have used the identity
sinha coshb — cosha sinhb = sinh(a —b).

Thus the Green’s function is

sinh kz sinh k(2 — L)
Glaa) = P A

_ sinhk(z — L) sinhka’ R
B ksinh kL ’ '

. (a) We can write f(x) = >.°° c,e!™*, where

™ . a . ™ .

2mwe, = / flx)e " dx = / P(z)e”"*dx —i—/ Q(z)e " dx .
—T —Tr a

(It is convenient to work with the exponential form of the series. The result applies equally

well to the trigonometric form.) Assuming that P’ and Q' exist (which is certainly the case

if P and @ are polynomials), integration by parts gives

a a / )
27‘('Cn — |:P(Z') e—in:c] +/ P(.Z') e~ INT I
—in —r — m

+ [%‘/Qe—mm]: + /aﬂ %e‘mmdm

— Q@ - P+ [ e,
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where we have used the fact that P(—m) = Q(w), by periodicity. If f is discontinuous at
x = a, then the first term is nonzero and ¢, ~ 1/n. Otherwise, the first term is zero, and
similar arguments applied to f’ show that c, goes to zero at least as fast as 1/n?.

(b) From part (a), we expect that the function (f, say) is continuous, but that f’ is discon-
tinuous. We also note that f is periodic with period 7, odd about z =0 and, in 0 < z < 7,

is symmetric about x = 7/2. In addition,
"= —sinx +sin3z — sinbx + ...,

which is reminiscent of a delta function—recall that we can write (subject to the usual caveats)
o
é(z) = Z COS NI .
—o0

Heuristically, this suggests that we look for a solution of the form

f(@) = Alo(z = §) — d(z + F)]-



Substitution into the usual formulae for the trigonometric Fourier series shows that the coef-

ficient of sinnx is zero for n even, and 2A(—1)" /7, for n odd, with n = 2m + 1, so we must
take A = —m /2. Integrating the series gives

-IB (—m <z <-%),
flle)=q -3(B-1) (-5<z<3)
—5B (5 <z<-—m),

where B is an arbitrary constant. Integrating again gives

—5B(x +m) (—m <z < =%),
f@)=C+{ —ZB-T(B-1)(z+%) (-Z<z<I),
~T(3B-2) - §Br-3) (J<z<-n)

where C' is another constant. The condition that f(—m) = 0 implies C' = 0. Setting f(0) =0
gives B = % Thus we are left with

f(z)

RN

Note that the integration of the series for f” is somewhat questionable mathematically, so it
is always a good idea to check that the Fourier series of f really is what we expect. It is!



