PHYS 501: Mathematical Physics I
Fall 2011

Homework #1 solutions

1. (a) For ¢ = a + A\b, we have
¢ =a®+2Xa- b+ NP

The condition for ¢ > 0 for all @ and b is that the discriminant of the above equation should
be <0, so
(2a - b)? < 4a°b?,
or
a’b? > (a - D)%

Equality occurs when a = ab.

(b) If u is an eigenvector of A, with Au = Au, then u is an eigenvector of A", with A"u = A"u.
Hence, if

A - A"
B=et=2 or
n=0
then - -
A" A" N
Buzz FUZZ Fu—e U,

so u is an eigenvector of e, with eigenvalue e*.

2. (i) Starting from the basis set {a;,i = 1,...,4} = {1, 2,22, 23}, with inner product (f,g) =
IY, || f(z)g(x) dz, and noting that

) =L el de =2 fy wde =1,
l,z) = fll\xlwdw:Q

1 1
1,2%) = [, 2|zt de =2 [y 23 dx = 3,
1La3) = [! | |zlzd dz =0,
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and similarly,
(x,z) = %, (r,2%) =0, (2,2%) = %,
(22,2%) = %, (22,2%) =0, (23,2%) =1
we define the new orthonormal basis set {e;} as follows:
ef=a1=1
er = e/l =1

ey =as — (ag,e1)e; = x

ez = eh /e = V2

6% = a3 — (a3, e1)er — (a3, e2)ex = z? — %



(€h,€8) = 2[& r(xt — 2?2 + i)daz = %, so eg = e /|eh] = 2v/3(x? — %)

ey = ay — (as,e1)e1 — (aq,ea)es — (ay, e3)es = 3

_ 2
(€),ey) = 2[& 3zt — 2% + §)dz = 5, s0 eq = €} /|e}| = 623 — 4.
Thus the orthonormal “e” basis set is {1, v2z,2v/3(z? — 3), 623 — 4z}.

(i) Starting instead from the permuted basis set {b;,i = 1,...,4} = {2?,z,1,2%}, and fol-
lowing the same procedure as above, we obtain

fl=b1 =a?

fi= fi/1fil = V3a?

fo=ba—(ba, fi)f1 =2

fa=13/1f3] = V2x = e

fi=1bs— (b, f1) f1 — (b3, fo) fo = 1 — 3a?

(f3, f5) =2 Jg @(1 = 32% + §a') dz = §, s0 fs = fi/|f3] = 2 — 327
fi="ba— (ba, f1) f1 — (ba, f2) fo — (ba, f3) fs =2 — Sz =€

f1 =623 — 42 = ey.

Hence the new orthonormal “f” basis set is {\/ga:z, V2zx,2 — 322,623 — 4x}.

The transformation matrix v that takes us from the e basis to the f basis is defined by

fi=> e
7

Writing
A= Les+ Ler, fo=eo,
f3 = —§€3+%€17 fa = ey,
we find
B0 50
| o Do
= 1 3
Lo - o
00 0 1

which is obviously orthogonal (representing a reflection and a “60° rotation” in the 1-3 plane).

3. (a) We wish to diagonalize the matrix

b
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By inspection, we see that the matrix A — Al breaks up into three pieces: a 2 X 2 matrix
(top left), a 1 x 1 matrix (center), and another 2 x 2 matrix (bottom right), so the secular
equation |A — AI| = 0 becomes

(W =1DB =ML -7 -1) =0,

the solutions to which are A = +1,3,0, and 2. The corresponding eigenvectors, in their
respective spaces, are

1 1

1
)\20,2: ’UO’Q = ﬁ(:‘:ﬁ)

Hence, the diagonalized matrix (with eigenvalues in order of descending magnitude) is

300 00
020 00
A=]1001 00
000 —10
000 00O
and the diagonalizing transformation is
001 1 0
1 0 0 ¢« — 0
vy=—| V2 00 0 0
V2 010 0 1
0 ¢« 0 0 —i
The transformed z is
0 0 +v20 0 1 V/2i
0 0 01 — 0 i
a:'—’y_lsv:’yTa:—i 1 — 00 O 1 :L 1
V2 1 ¢« 00 0 0 V2 1
0o 0 01 =4 -1 —1

(b) No. For example, replace the i in the first column of A by 2i.

4. The equations of motion are

k1

i = _M(ﬂfl — ) — Mz(ﬂfl — 13)
.k ko
Tro = m (a:l xg) m (JZQ xg)

. k k
xr3 = ﬁ(ml — 333) + Ml(xg — 333),



where 1,22, and x3 are the displacements of the three masses. Looking for normal modes
with time dependence e™! (so #; — —w?z;) leads to the secular equation

k1 + ko 2 _ﬁ _@
M M
TSP T
m m
ks Tk kitk
M M M
Rearranging, we obtain
k1 + kg — Mw? —kq —ko
—k’l 2]{71 — mw2 —k’l O,
—ko —kq ki1 + ko — Mw?
then, subtracting row 3 from row 1,
1 0 -1
(ky + 2ky — Mw?) | k1 2k — mw? —ky 0,
—ko —ky ki + ko — Mw?
and, adding column 1 to column 3,
1 0 0
(k’l + 2koy — Mw2) —k1 2ky — mw? —2k1 =0.
—kg —kl kl — Mw2
Hence
(kp + 2kg — Mw?) [mMw? — ki(m + 2M)w?] = 0,
SO

k1 + 2k 1 2
2 1 2
¥ M 0, or k1 <M m) '

Substituting back into the equations of motion, we obtain the eigenvectors:
w2 =0: (kl + kg)xl - klxg — kgxg =0
—k1z1 + 2k129 — K123 =0
—koxy — k1o + (k1 + k2)zg =0,
SO
TrL = T2 = T3,
corresponding to uniform translation of the entire system. Similarly,
k1 4+ 2k
w2 = % : —kgxl — klxg — kgxg

—kix1 + [2]431 — %(k‘l + 2]{72)] o —kizs =0
—kgxl — klxg — kgxg
SO

T2 :0, Tr3 = —I1



describing motion in which the left and right masses oscillate 180° out of phase about the
central mass, which stays fixed. Finally,

1 2
w2 =k (— + —> : (k’g — ZM)l‘l — kixo — koxg =0
M m m.
—k‘lxl — Mklxg — klxg =0
k1M _
—kox1 — k120 + (k‘Q — 217)333 =0,
SO
M
T3 =1T1, To=—2—x1,
m
where the outer masses oscillate in phase with one another and 180° out of phase with the
central mass.



